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Abstract 



The flow equivalence of soflc shifts is examined using results about 
the structure of the corresponding covers. A canonical cover gener- 
alising the left Fischer cover to arbitrary sofic shifts is introduced 
and used to prove that the left Krieger cover and the past set cover 
of a sofic shift can be divided into natural layers. These results 
are used to find the range of a flow invariant and to investigate the 
ideal structure of the universal C*-algebras associated to soflc shifts. 
The right Fischer covers of soflc beta-shifts are constructed, and it 
is proved that the covering maps are always 2 to 1. This is used 
to construct the corresponding fiber product covers and to classify 
these up to flow equivalence. Additionally, the flow equivalence of 
renewal systems is studied, and several partial results are obtained 
in an attempt to flnd the range of the Bowen-Franks invariant over 
the set of renewal systems of finite type. In particular, it is shown 
that the Bowen-Franks group is cyclic for every member of a class 
of renewal systems known to attain all entropies realised by shifts of 
finite type. 



The following is a Danish translation of the abstract as required by the rules 
of the University of Copenhagen. 



Resume 

Str0mningS8ekvivalens af sofiske skiftrum unders0ges vha. resultater 
om strukturen af de tilsvarende repr^sentationer pa grafer. En re- 
praesentation, der generaliserer Fischer-rep^sentationen til vilkarlige 
sofiske skiftrum, introduceres og bruges til at vise, at Krieger- 
repra^sentationen og en anden hyppigt anvendt repraesentation beg- 
gc kan inddclcs i naturlige lag. Disse resultater benyttes til at finde 
billedet af en invariant for str0mningsaekvivalens og til at unders0ge 
idealgitrene i de universelle C*-algebraer knyttet til sofiske skiftrum. 
Fischer-reprsesentationerne af sofiske bcta-skift konstrucrcs, og det 
vises, at de dcrtilh0rende afbildningcr altid cr 2 til 1. Dettc rcsultat 
benyttes til at konstruere fiberprodukt-repraesentationerne af sofiske 
beta-skift og til at klassificere disse op til str0mningsaekvivalens. Des- 
uden unders0ges str0mnings«kvivalens af fornyclsessystemer, og en 
r^kke delrcsultater opnas i et fors0g pa at finde billedet af Bowen- 
Franks-invarianten over msngden af fornyelsessystemer af endelig 
type. Specielt vises det, at Bowen-Franks-gruppen er cyklisk for al- 
le medlemmer af en klasse af fornyelsessystemer, der realiserer alle 
entropier, som kan realiseres af irreducible skift af endelig type. 
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Preface 

This text constitutes my thesis for the PhD degree in mathematics from the 
PhD School of Science at the Faculty of Science, University of Copenhagen 
where I have been enrolled from May 2007 to May 2011. My time as a 
PhD student has primarily been spent studying representations and flow 
invariants of sofic shift spaces. 

In symbolic dynamics, it is generally very difficult to determine whether 
two objects (shift spaces) are equivalent in the natural way, and this has 
lead to the development of a large number of powerful invariants which can 
be used to provide negative answers to such questions. It has also lead to 
an interest in weaker notions of equivalence, and flow equivalence is one of 
these. One of the simplest classes of shift spaces is the class of irreducible 
shifts of finite type, and Franks [Fra84j has given a very satisfactory classifi- 
cation of these up to flow equivalence in terms of a complete invariant that 
is both easy to compute and easy to compare. This result has been extended 
to general shifts of finite type by Boyle and Huang | Boy02 , IBH031 IHua94j , 



but very little is known about the flow equivalence of the class of irreducible 
sofic shifts even though it constitutes a natural first generalisation of the 
class of shifts of finite type. 

The driving force behind this thesis has been a desire to understand the 
structure of various standard presentations of sofic shifts on labelled graphs 
and to use this understanding to derive results about flow equivalence. The 
complete flow equivalence classification of general irreducible sofic shifts 
is still a very distant goal, so focus has been on understanding the flow 
equivalence of various special classes of sofic shifts. 

Chapter [1] gives an introduction to the basic properties of shift spaces, 
conjugacy, and covers. In particular, the Fischer cover and the Krieger 
cover, which will play important roles in the following chapters, are intro- 
duced, and their basic features are examined. This chapter contains no 
original work, and for an expert in symbolic dynamics, it will only serve to 
establish notation. 

Chapter [2] introduces the basic definitions and properties of flow equiv- 
alence and symbol expansion. The first part of the chapter contains no 
original work and can be skipped by experts. The chapter also contains 
a series of simple lemmas about symbol expansion which will be used to 
study flow equivalence repeatedly in the following chapters, some of these 
lemmas may not have been seen before, but the results are unsurprising. 
The chapter concludes with an application of the results to a class of shift 
spaces known as gap shift to illustrate some of the problems encountered 
when working with symbol expansion. 

Chapter [3] is a slightly extended version of the paper On the Structure 
of Covers of Sofic Shifts which has recently been published in Documenta 
Mathematica [Johll] , It investigates the structure of various standard cov- 
ers of sofic shifts by introducing a new canonical cover generalising the 
Fischer cover and using it to prove that the left Krieger cover and the past 
set cover of a sofic shift can be divided into natural layers. This structure 
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is used to find the range of a flow invariant and to investigate the ideal- 
lattices of the C*-algebras associated to sofic shifts. The material in this 
chapter was mainly developed during visits at the University of Wollongong, 
Australia and the University of Tokyo, Japan in 2008. 

Chapter m investigates the flow equivalence of a class of sofic shifts known 
as beta-shifts. To each sofic beta-shift, one can associate a shift of finite 
type equipped with a group action, and the main result of the chapter is 
a classification up to flow equivalence of these group-shifts. With a con- 
jectured result by Boyle, this gives a complete flow classification of sofic 
beta-shifts. The results in this chapter were developed in the beginning of 
2011. 

Chapter [5] concerns a special class of shift spaces called renewal systems. 
It has long been an open question in symbolic dynamics whether every 
irreducible shift of finite type is conjugate to a renewal system, and the 
goal of this work has been to answer the corresponding question for fiow 
equivalence. The aim has been to find this answer by finding the range of the 
Bowen- Franks invariant, which is a complete invariant for flow equivalence 
of irreducible shifts of flnite type, over the set of renewal systems of finite 
type. The main results have been achieved by combining insight gained 
through an experimental investigation with a study of the Fischer covers 
of renewal systems, and this has allowed a wide variety of values of the 
invariant to be constructed, but this is still a work in progress, and the 
range remains unknown. During the investigation, a fiow classification is 
given of the class of renewal systems which Hong and Shin have proved to 
achieve all the entropies attained by shifts of finite type [HS09b) . 

Appendix |X] describes the experimental approach used in the study of 
renewal systems. It accounts for the experimental strategy and gives a 
short description of the computer programs used. Additionally, it contains 
extra results about the range of the Bowen-Franks invariant which were not 
suitable for the presentation in Chapter [5l 

Where possible, the notation has been chosen to conform with the no- 
tation of the textbook Symbolic Dynamics and Coding by Lind and Marcus 
|LM95j . An index is provided to make it easier to navigate between the 
chapters. 
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1. SHIFT SPACES 



Here, a short introduction to the definition and properties of shift spaces 
is given to make the presentation self-contained. For a thorough treatment 
of shift spaces see |LM95j . 

1.1 Basic definitions and properties of shift spaces 

Let ^ be a finite set with the discrete topology. The full shift over A 
consists of the space endowed with the product topology and the shift 
map a: A^ — )• A^ defined by a{x)i = Xj+i for all i G Z. Let A* be the 
collection of finite words (also known as blocks) over A. A closed and shift 
invariant subset X C A^ is called a shift space (or sometimes just a shift), 
and A is called the alphabet of X. When the alphabet is not given a priori, 
A{X) will denote the alphabet of X. 

1.1.1 Languages and forbidden words 

For each C A*, define Xjr to be the set of biinfinite sequences in A^ 
which do not contain any of the forbidden words from T. A subset X C A^ 
is a shift space if and only if there exists J- C A* such that X = Xjr 
(cf. [LM951 Proposition 1.3.4]). A word w £ A* is said to be a factor (or 
subword or sub block) of x G X if there exist i,j £ "Z with i < j such that 
this will be denoted w = xr,- ii, and a similar notation 
is used for factors of finite words. For w,u S A* write u -\ w if u is a 
factor of w. If u = li'jijtii], then u is said to be a prefix of w; a suffix is 
defined analogously. The maps rl, 11 : A* — t- A map a word to respectively 
its rightmost and leftmost symbol. The empty word e is considered a factor 
of every word and biinfinite sequence. The language of a shift space X is 
the set of all factors of elements of X and it is denoted B{X). The set of 
words of length n is denoted Bn{X). 

Proposition 1.1 ( [LM951 Proposition 1.3.4]). Let A be an alphabet. A set 
B d A* is the language of a shift space if and only if for every w £ B 

• if V is a factor of w, then v £ B, and 

• there exist u,v £ B \ {e} such that uwv £ B. 
If X is a shift space, then X = X^.^g^jj^). 

In particular, two shift spaces are equal if and only if they have the same 
language. 

For each x £ X, define the left-ray of x to be x~ = • • • x_2X_i and define 
the right-ray of x to be x~^ = xoXiX2 • • • • The sets of all left-rays and all 
right-rays are, respectively, denoted X~ and X~^. The set X~^ is invariant 
under the shift map, and the pair (X^ ,a) is an example of a one-sided shift 
space (cf. |LM95[ p. 140]). 

A shift space X is said to be irreducible if there for every u,w £ B{X) 
exists V £ B{X) such that uvw £ B{X). In many contexts, irreducible shift 
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spaces can be thought of as the building blocks from which more complicated 
shift spaces are constructed. X is irreducible if and only if there exists x G X 
such that the forward orbit {cr"(x) | n > 0} is dense in X. 

Example 1.2. Consider the alphabet A = and the set of forbidden 

words J- = {hh}. The shift space X = Xjr consists of all biinfinite sequences 
over A where there are no consecutive 6s. This is known as the golden mean 
shift for reasons that will become apparent later. 

1.1.2 Shifts of finite type 

A shift space X over A is said to be a shift of finite type (SFT) if X = Xjr 
for some finite set X is said to be M-step if can be chosen such that 
{wl = M + 1 for all w G J-. Clearly, every SFT is M-step for some M G N. 

Theorem 1.3 ( jLM95l Theorem 2.1.8]). A shift space X is an M-step SFT 
if and only if uv,vw G B{X) and \v\ > M implies that uvw G B{X). 

For countable sets and E^ and maps r,s: E^ — )• E^, the quadruple 
E = {E^, E^,r, s) is called a directed graph or simply a graph. The elements 
of E^ and E^ are, respectively, the vertices and the edges of the graph, 
while the maps give the directions of the edges: For each edge e £ E^, 
s{e) is the vertex where e starts, and r(e) is the vertex where e ends. A 
path A = ei • • • e„ is a sequence of edges such that r(ej) = s(ei+i) for all 
i G {l,...n — 1}. The vertices in E^ are considered to be paths of length 0. 
For each n G No, the set of paths of length n is denoted E"", and the set of all 
finite paths is denoted E*. Define E~^ = {eie2 • • • G (E^)^ \ r{ei) = s(ei+i)} 
and define the set of left-infinite paths E~ in the same manner. Extend the 
maps r and s to E* , E~^, and E^ in the natural way, e.g. by defining 
•s(ei---e„) = s(ei). A circuit is a path A with r(A) = s(A) and |A| > 0. 
For u,v £ E^, u is said to be connected to v if there is a path X £ E* 
such that s(A) = u and r(A) = v, and this is denoted hy u > v jLM95l 
Section 4.4]. A vertex is said to be maximal, if it is connected to all other 
vertices. E is said to be irreducible (or strongly connected or transitive) if 
all vertices are maximal. If E has a unique maximal vertex, this vertex is 
said to be the root of E. E is said to be essential if every vertex emits and 
receives an edge, li H E^ , then the subgraph of E induced by H is the 
subgraph of E with vertices H and edges {e £ E^ \ s(e),r(e) G H}. An 
irreducible component of E is an irreducible subgraph that is not contained 
in any larger irreducible subgraph. 

For a finite directed graph E, the edge shift X^; is defined by 



By construction, an edge shift is a 1-step SFT over E^ with = {ef \ r(e) ^ 
s{f)}. If H is the maximal essential subgraph of E, then Xe = Xh- The 
edge shift X^; is irreducible if and only if the maximal essential subgraph 
of E is an irreducible graph. For E^ = {vi, . . . ,Vn}, define the adjacency 
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matrix of E to be the n x n matrix A where Aij = \{e € E'^ \ s(e) = 
Vi,r{e) = Vj}\. Many results about edge shifts are conveniently formulated 
using the adjacency matrix, so to ease the notation, will denote the edge 
shift of the graph with adjacency matrix A when A is an integer matrix with 
non-negative entries. 

1.1.3 Sofic shifts 

Let Xi and X2 be shift spaces with shift maps cJi and a2, respectively. 
A map (p: Xi — t- X2 is said to be shift intertwining if ip o ai = CJ2 o 93, 
and it is said to be a homomorphism if it is both continuous and shift 
intertwining. A surjective homomorphism ip: Xi — )• X2 is called a factor 
map, and when such a map exists, X2 is said to be a factor of Xi. A 
shift space is called sofiE [Wei73j if it is a factor of an SFT. Every SFT 
is sofic, and a sofic shift which is not an SFT is called strictly sofic. Sofic 
shift spaces are often simply called sofic shifts, labelling A labelled graph 
(E, C) over an alphabet A consists of a directed graph E and a surjective 
labelling map C: E^ ^ A. Extend the labelling map to E* , E~^, and E~ 
in the natural way, e.g. by defining £(ei • • • e„) = £(ei) • • • £(e„,) G A*. 
The labelled graph (E, C) is called, respectively, essential and finite if E is, 
respectively, essential and finite. Other terminology is similarly inherited 
by labelled graphs. An isomorphism between labelled graphs {E,Ce) and 
{F,Cf) is a pair of bijections tp'^ : E^ ^ for i G {0, 1} such that r{ip^{e)) = 
(/jO(r(e)), s(^He)) = V'°(s(e)), and £ij(e) = CF{^\e)) for all e G E\ If 
E^ = {f 1, . . . , v-n}, then the symbolic adjacency matrix of {E, C) is the n x n 
matrix A where Aij is the formal sum of the labels of all edges from vi to 
Vj. If H CI E^, then the subgraph of {E, C) induced by H is the subgraph of 
E induced by H with labelling inherited from {E,C). 

Given a labelled graph {E,C), define the shift space '^{e,c) by 

The labelled graph (E, C) is said to be a presentation of the shift space 
X(£;£), and a representative of a word w G BO^{e,c)) is a path A G -B* 
such that C{\) = w. Representatives of rays are defined analogously. For 
X G B{X(^E,C)) ^ ^(i; £) define the source set by s{x) = {s{X) | A G -E* U 
E'^,C{X) = x}. For each x G B{Xi^e,c))^'^^e £)' range set r{x) is defined 
analogously. 

Fischer proved that a shift space is sofic if and only if it can be presented 
by a finite labelled graph |Fis75j . Equivalently, a shift space is sofic if and 
only if the corresponding language is regular, i.e. it can be recognised by a 
deterministic finite automaton. A sofic shift space is irreducible if and only 
if it can be presented by an irreducible labelled graph (see |LM95l Section 
3.1]). A presentation {E,C) of X is said to be left-resolving if no vertex in 
E^ receives two edges with the same label. Right-resolving presentations 
are defined analogously. 



* An English transliteration of a Hebrew word that means finite. 
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Figure 1.1: A presentation of the even shift. 

Example 1.4. Let A = {1,0} and let J" = {lO^^^^l | n G N}. The even 
shift Xjr is the standard example of a strictly sofic shift. Figure [LT] shows 
a labelled graph presenting X, so X is sofic. If X was an SFT, it would be 
M-step for some M e N, and since 10"',0"1 G B{X) for ah n G N, Theorem 
11.31 would imply that lO^l G B{X) for all n > M in contradiction with the 
definition of X. 

Example 1.5. Let A = {1,0} and let T = {10"1 | n not prime}. The 
prime gap shift Xjr is an example of a shift space that is not sofic. 

1.2 Conjugacy 

Because shift spaces are compact, a bijective homomorphism automatically 
has a continuous inverse, so the isomorphisms of shift spaces are the in- 
vertible, continuous, and shift intertwining maps. Such a map is called a 
conjugacy. Two shift spaces are said to be conjugate when there exists a 
conjugacy between them. Flow equivalence is a weaker equivalence relation 
generated by conjugacy and symbol expansion [PS 75] which will be exam- 
ined in greater detail in Chapter [2j 

1.2.1 Sliding block codes 

Let ^1 and A2 be alphabets, and let Xi be a shift space over ^1. A 
map ip: Xi — ?■ ^| is said to be a sliding block code with memory m and 
anticipation n if there exists a map Bm+n+i{Xi) — )• A2 such that 

{(p{x))i = ^{Xi-mXi-m+l ■ ■ ■ Xi+n-lXi+n)- 

The notation 93 = <1>|2^'"^ will be used when ip is determined by $ in this way; 
if m = n = 0, this will simply be written ip = • The image X2 = ^(Xi) 
is a shift space whenever (/? is a sliding block code |LM951 Theorem 1.5.13]. 

Proposition 1.6 ( |LM951 Proposition 1.5.8]). Let Xi and X2 be shift 
spaces. A map ^p: Xi X2 is a homomorphism if and only if it is a 
sliding block code. 

Example 1.7. Let X be the golden mean shift as defined in Example 11.21 
Define B2{X) {1,2,3} by 

^{aa) = 1, ^{ab) = 2, and $(6a) = 3, 
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and define ip = $[^'^^ : X ^ {1, 2, 3}^. Let Y = ip{X) and note that Y is the 
edge shift of the graph with two vertices {fi,f2} and edges {1,2,3} with 
= r(l) = s(2) = r(3) = vi, r(2) = s(3) = t;2- Define ^ : {1,2,3} ^ 
{o, 6} by ^'(1) = ^(2) = a and *I'(3) = b. It is straightforward to clieck that 
^oo = so X and y are conjugate. 

1.2.2 Conjugacy of shifts of finite type 

Even for nicely behaved shifts such as SFTs, it is generally very difficult 
to determine whether two shift spaces are conjugate. Williams |Wil73| in- 
troduced an equivalence relation, called strong shift equivalence, on the set 
of integer matrices with non-negative entries such that two edge shifts are 
conjugate if and only if the corresponding adjacency matrices are strong 
shift equivalent, and this result will be examined in the following. 

The first proposition demonstrates the usefulness of Williams's result by 
reducing the conjugacy problem for SFTs to a question about conjugacy of 
edge shifts. A sketch of the proof is included to show how the associated 
graph is constructed. 

Proposition 1.8. Every SFT is conjugate to an edge shift. 

Proof. Let X be an M-step SFT. Define a graph with vertex set = 
BmIX), edge set = Bm+i^^), and range and source maps r,s: — >■ 
such that s{'w) = W[i^m] and r{w) = 'W[2,M+i]- Now, 

X// = {{wi)i(zz £ BM+i{Xf I (u;j+i)[i,M] = (^^i)[2,M+i]}, 

and it is easy to construct a conjugacy from X to Xh- See |LM951 Definition 
1.4.1] for details. □ 

The edge shift Xh constructed in the proof of Proposition 11.81 is called the 
higher block shift of X. The following theorem shows that it makes sense 
to talk about a conjugacy problem for shifts of finite type. 

Theorem 1.9 ( |LM95|. Theorem 2.1.10]). A shift space that is conjugate to 
an SFT is itself an SFT. 

Definition 1.10 ( |LM95l Definition 7.2.1]). Let A,B be integer matrices 
with non-negative entries. An elementary equivalence from A to B \s a pair 
of integer matrices with non-negative entries (i?, S) such that A = RS and 
B = SR. This is written {R, S): A^ B. A strong shift equivalence of lag I 
from ^ to -B is a sequence of I elementary equivalences Si) : Ai^i ^ Ai 
with Aq = A and Ai = B. A and B are said to be strong shift equivalent if 
there exists a strong shift equivalence of lag I from A to B for some I. 

It is straightforward to check that strong shift equivalence is an equivalence 
relation while elementary shift equivalence is not transitive. An impor- 
tant special class of elementary equivalences are state-splittings and state- 
amalgamations, see p^M95. §2.4] for details. 
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Theorem 1.11 (Williams [Wil73] ). Let A,B be integer matrices with non- 
negative entries. The edge shifts and Xb are conjugate if and only if A 
and B are strong shift equivalent. 

This illustrates the problem of determining whether or not two shift spaces 
are conjugate: The proof is not constructive and neither the lag I nor 
the dimensions of the matrices involved in the elementary equivalences are 
bounded. Hence, there is no way to use this theorem to check whether two 
SFTs are conjugate. A weaker equivalence relation called shift equivalence 
[LM951 Definition 7.3.1] was introduced by Williams |Wil73j in an attempt 
to alleviate this problem, and a long-standing conjecture in symbolic dy- 
namics stated that two matrices are shift equivalent if and only if they are 
strong shift equivalent. This is known as the shift equivalence problem or 
the Williams conjecture, and for a long time it was arguably the most im- 
portant problem in symbolic dynamics. Eventually, shift equivalence and 
strong shift equivalence were proved to be different by Kim and Roush who 
constructed a counterexample [KR921 IKR99| . 

1.2.3 Conjugacy invariants 

As mentioned in the previous section, it is generally difficult to determine 
whether two shift spaces are conjugate, so it is useful to have a collection of 
invariants in order to be able to provide negative answers to such questions. 
The first and arguably most important of these invariants is the entropy: 

Definition 1.12 ( |LM95l Definition 4.1.1]). The entropy of a shift space 
X is h{X) = lim„^oo 1/nlog \Bn{X)\. 

If X is a shift space with alphabet A, then Bn{X) < |^|", so h{X) < log\A\. 
Equality holds if X is the full ^-shift. The golden mean shift gets it name 
from the fact that it's entropy is (1 + \fl)/2 (cf. |LM951 Example 4.1.4]). 

Proposition 1.13 ( [LM951 Proposition 4.1.9]). Let X andY be shift spaces. 
IfY is a factor of X, then h(Y) < h{X). In particular, h{X) = h(Y) when 
X and Y are conjugate. 

The entropy of an edge shift (and hence of an arbitrary SET) can be 
computed using Perron- Erobenius theory [LM951 §4.2]: 

Theorem 1.14 ( |LM951 Theorem 4.4.4]). // A is an integer matrix with 
non-negative entries, then h(XA) = logA^ where Xa > is the maximal 
eigenvalue of A. 

A real number A > 1 is a Perron number if it is an algebraic integer that 
strictly dominates all its other algebraic conjugates. A weak Perron number 
is a real number for which A is a Perron number and p £ N. A number 
log/x is the entropy of an SET if and only if /x is a weak Perron number 
[LM951 Theorem 11.1.5]. The following proposition shows that these results 
about the entropies of SETs can also be used to compute the entropies of 
sofic shifts. 
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Proposition 1.15 ( |LM951 Proposition 4.1.13]). If a labelled graph {G,C) 
is either right- or left-resolving, then h{X(^Q£)) = hiXc)- 

Using Examples 11.41 and 11.71 and Proposition 11.151 it follows that the even 
shift and the golden mean shift have the same entropy. 

Let X be a shift space. An element x £ X is said to have period p if 
a^{x) = X. It is straightforward to prove that for each n G N, the number 
of points with period n and the number of points with least period n are 
conjugacy invariants. 

Definition 1.16 ( |LM951 Definition 7.4.15]). Let ^ be a n x n integer 
matrix with non-negative entries. The co-kernel BF(74) = Z"/Z"(Id— ^) is 
called the Bowen-Franks group of A. 

When ^ is an n X n integer matrix with non-negative entries, row and 
column operations over Z can be used to transform Id —A into a unique 
diagonal matrix diag(di, . . . , d„) where This is called the Smith 

normal form of A (see e.g. |New72] ) . The row and column operations are 
given by matrices invertible over Z, so BF(A) ~ Z/diZ © ••• © Z/d„Z, 
and there is an algorithm for computing the Smith normal form, so it is 
straightforward to compute the Bowen-Franks group when the adjacency 
matrix is known. 

Theorem 1.17 ( |LM95l Theorem 7.4.17]). // A and B are strong shift 
equivalent integer matrices with non-negative entries, then BF(A) ~ BF(S). 

In fact, the Bowen-Franks group is also an invariant of shift equivalence, 
but that will not be important in this context; see the proof in [LM95] for 
details. For an arbitrary SFT X, Proposition [T3] and Theorem 11.171 are used 
to define the Bowen-Franks group BF(X) to be the unique Bowen-Franks 
group of the adjacency matrix of an edge shift conjugate to X. 

1.3 Covers 

Every sofic shift can be presented by infinitely many different labelled 
graphs, so it is natural to look for general ways to find presentations with 
nice properties. 

Definition 1.18. Let S" be a subclass of the class of sofic shifts. A cover 
defined on S is a pair of maps (cov, vTcov) such that for each X £ S, cov[X) 
is an SFT and -KcoviX) : cov{X) X is a factor map. 

To improve readability, the notation tTcov(x) will be used instead of tTcov{X) 
in the following. The map tTcov{X) is called the covering map. 

Remark 1.19. If 5* is a subclass of the class of sofic shifts and if each 
X £ S has a distinguished presentation (GxjJ-'x), then cov(X) = 
and iTcov{X) = (^x)oo defines a cover. I.e. cov{X) is the edge shift of the 
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distinguished presentation of X, and 7Tcov(x) maps a path A € X^^^ to the 
corresponding biinfinite sequence of labels {Cx{K))i€Z- With a slight abuse 
of terminology, the labelled graph {Gx, C.x) itself will be said to be a cover 
of X since this is done in large parts of the literature on the subject. The 
covers considered in the following will almost exclusively be of this kind. 

Definition 1.20. (cf. |JM94l Sections I and III] and |LM95l Exercise 3.2.8]) 
Let X be a shift space. For a right-ray or word x G U B{X\ define the 
•predecessor set of x to be the set of left-rays which may precede x in X, i.e. 
Poo(x+) = {y~ e X^ I G X} when x+ G X+. 

The follower set Foo{x) of a word or left-ray x is defined analogously. Pre- 
decessor and follower sets consisting of finite words instead of rays are useful 
in some contexts, so for w G S{X), define P{'w) = {v £ 13{X) \ vw G B{X)} 
and F{w) = {ve B{X) \ wv G B{X)}. 

Definition 1.21. Let {E,C) be a labelled graph presenting a sofic shift X. 
For each v G E^, define the predecessor set of v to be the set of left-rays in 
X which have a presentation terminating at v. This is denoted P^{v), or 
just Poo{v) when {E,C) is understood from the context. The presentation 
{E,C) is said to be predecessor-separated if P^{u) / P^{v) when u, f G 
and u ^ V. Follower-separated vertices and labelled graphs are defined 
analogously. 

In the following, there will be particular focus on covers of the type discussed 
in Remark II. 191 for which the labelled graphs are predecessor-separated. 

1.3.1 The Krieger cover 

The first, and arguably most important, example of a cover defined on the 
entire class of sofic shifts is the Krieger cover introduced in [Kri84j. This is 
an example of a cover defined as described in Remark II. 19[ 

Definition 1.22 (Krieger |Kri84] ). The left Krieger cover of a shift space 
X is the labelled graph {K,Ck) where = {Poo(x+) | x+ G and 
where there is an edge labelled a G A{X) from P G to P' G if and 
only if there exists rc+ G X~^ such that P = P^{ax^) and P' = Poo{x~^)- 

The right Krieger cover is defined analogously using the follower sets 
of left-rays as vertices. A shift space is sofic if and only if the number of 
predecessor sets is finite [Kri841 §2], so the left Krieger cover is a finite 
labelled graph exactly when the shift space is sofic. It is easy to check that 
the left Krieger cover of X is a left-resolving and predecessor-separated 
presentation of X, and that K is always an essential graph. 

The left Krieger cover is sometimes ( jCar031 ICM04j ) defined using prede- 
cessor sets consisting of the finite words which can precede a given right-ray. 
This is also sometimes called the Perron- Frobenius cover |Sam98| . However, 
there is a natural bijective correspondence between the predecessor sets con- 
sisting of left-rays, and the predecessor sets consisting of finite words, and 



10 



1. SHIFT SPACES 



the two definitions are equivalent. A benefit of using words instead of rays 
is that the definition can then be used for both one-sided and two-sided 
shift spaces. 

Proposition 1.23 ( [LMQSj Exercise 2.2.8]). Let X be a sofic shift with left 
Krieger cover {K,£,), then X is an SFT if and only if the sliding block code 
Coo '■ X induced by C is a conjugacy. 

The following simple facts are needed in the investigation of the structure 
of the left Krieger cover. 

Lemma 1.24. Let X be a sofic shift with left Krieger cover {K,Ck)- 

1. Each G X^ has a presentation in {K,Ck) starting at Poq{x^). 

2. IfP£ then P^{P) = P. 

3. Lf P £ K^, and there is a presentation of starting at P, then 

PQPoo{x+). 

Proof. 

1. This follows directly from the definition of the left Krieger cover. 

2. Choose x~^ G X~^ such that P = Poo{x~^). By ([1]) there is a path with 
label x"*" starting at P. The left Krieger cover is a presentation of X, 
so if there is a path with label y~ terminating at P, then y~x~^ £ X, 
and hence, y~ G Poo{x^). On the other hand, if . . . y_2y-i = G 
Pooix^), then there is a path 

■ • • ^ Poo{y-2y-ix~^) ^ Poo{y-ix^) ^ -Poo(2;"^) 
in the left Krieger cover. 

3. If y~ G P, then there is a path labelled y~ terminating at P by (I2D, 
so y^x^ G X and therefore y~ G Poo{x~^)- 

□ 

Consider the right-ray x^ = 0°° in the even shift (see Examples 11.41 and 
ll.30p . to see that a right-ray can start at a vertex P ^ Poo{x^). 

1.3.2 The past set cover 

The following definition gives a cover that is closely related to - but not 
always isomorphic to - the left Krieger cover. 

Definition 1.25 ( |LM951 p. 73]). The past set cover of a shift space X is 
the labelled graph {W,Cw) where = {Pco{w) \ w G B{X)}, and where 
there is an edge labelled a G A{X) from P G to P' G if and only if 
there exists w G 13{X) such that P = Poo{aw) and P' = Poo{w). 



1.3. COVERS 



11 



It is easy to check that the past set cover of X is a left-resolving and 
predecessor-separated presentation of X. The past set cover is sometimes 
(e.g. [BEPssj ) defined using predecessor sets consisting of the finite words 
which can precede a given word. However, as with the Krieger cover, there 
is a natural bijective correspondence between the predecessor sets consisting 
of left-rays, and the predecessor sets consisting of finite words, and the two 
definitions are equivalent. The definition used here was chosen to highlight 
the similarities with the left Krieger cover, but despite the similarity of 
the definitions, the left Krieger cover and the past set cover are not always 
identical. A later example (Example I3.25P illustrates this difference. The 
future set cover is defined analogously to the past set cover by using the 
follower sets of words as vertices. 

1.3.3 The Fischer cover 

Fischer proved that up to labelled graph isomorphism every irreducible sofic 
shift has a unique left-resolving presentation with fewer vertices than any 
other left-resolving presentation [Fis75] . This defines a cover of the type 
discussed in Remark 11.191 called the left Fischer cover of X. 

Definition 1.26. (cf. |JM94|, Section III]) A word v £ B{X) is intrinsi- 
cally synchronizing if uvw G B{X) whenever uv G i3{X) and vw £ B{X). 
A right-ray is intrinsically synchronizing if it contains an intrinsically 
synchronizing word as a factor. 

By Theorem \1.3\ a shift space X is an M-step SFT if and only if every 
w £ B{X) with \w\ > M is intrinsically synchronizing. 

The left Fischer cover of an irreducible sofic shift X is isomorphic to 
an irreducible subgraph of the left Krieger cover of X induced by the set 
of vertices that are predecessor sets of intrinsically synchronizing right-rays. 
This result can be traced back to |Kri84[ Lemma 2.7]. In a left-resolving and 
predecessor-separated labelled graph, every right-ray can be extended on the 
left to an intrinsically synchronizing right-ray [LM951 Proposition 3.3.16], 
so if P, P' £ and P is a vertex in the irreducible subgraph of the left 
Krieger cover identified with the left Fischer cover, then P > P' . Hence, this 
irreducible component will be called the top irreducible component of the 
left Krieger cover. This leads to the following two corollaries to Proposition 
[Ol 

Corollary 1.27. If X is an irreducible SFT then the left Fischer cover and 
the left Krieger cover of X are isomorphic. 

The opposite implication is, however, not true in general (see e.g. Example 
[3:20]) . 

Corollary 1.28. Let X be an irreducible sofic shift with left Fischer cover 
{F, C), then X is an SFT if and only if the sliding block code Coo ■ ^ X 
induced by C is a conjugacy. 
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{F,Cf) 












{K,Ck) 








Figure 1.2: Left Fischer cover and left Krieger cover of the even shift. Note 
that the left Fischer cover is the top irreducible component of the left Krieger 
cover. 

The following theorem gives an important characterisation of the left 
Fischer cover which will be used repeatedly in the following. 

Theorem 1.29 ( [LM95[ Corollary 3.3.19]). Let X be an irreducible sofic 
shift. Then a labelled graph {G,C) presenting X is (isomorphic to) the 
left Fischer cover of X if and only if it is irreducible, left-resolving, and 
predecessor-separated. 

Example 1.30. Let X be the even shift discussed in Example 11.41 and 
consider the predecessor sets: 

Pi = p^(o2"lx+) = {y'lO^'' eX- \keno}u {0°°} 

P2 = Poo(0^"+^lx+) = {y- 10^^+1 G X- I yfc G No} U {0°°} 

P3 = Poo{0°°) = X- . 

A word (and hence a right-ray) is intrinsically synchronizing if and only if 
it contains a 1, so the left Fischer cover is the irreducible subgraph of the 
left Krieger cover which contains the two vertices corresponding to the first 
two predecessor sets. Figure 11.21 shows the left Fischer cover and the left 
Krieger cover of the even shift. 

The introduction of the left Fischer cover allows simple definitions of 
two nicely behaved classes of sofic shifts called, respectively, almost finite 
type shifts { Mar851 fNasSS] and near Markov shifts |BK88] . A labelled graph 
{E,C) is said to be right-closing with lag I at v & ii whenever A,/i G £'^, 
s(A) = s(/u) = V, and C{X) = C{^), then Ai = /ii. {E,C) is said to be 
right- closing with lag I if it is right-closing with lag / at every vertex v G E^. 
This is a generalisation of the right-resolving graphs introduced earlier since 
a graph is right-resolving if and only if it is right-closing with lag 1. Left- 
closing graphs are defined analogously. 
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Definition 1.31 f |LM951 Definition 5.1.4]). An irreducible sofic shift X is 
said to be of almost finite type (AFT) if the left Fischer cover is right-closing. 

This definition appears asymmetric, but in fact, an irreducible sofic shift is 
AFT if and only if the right Fischer cover is left-closing. These are two of 
many different equivalent definitions of AFT shifts. Note that every SFT is 
an AFT. The following notation is taken from |BCEj . 

Definition 1.32. Let X be an irreducible sofic shift with left Fischer cover 
{F,Cf) and let vr: Xp X he the covering map. Define 

• the multiplicity m(7r) = sup{|7r~-'^(x)| | x £ X}, 

• the multiplicity set M{tt) = {x £ X \ |7r~^(x)| > 1} C X, and 

• the multiplicity set M-i(7r) = 7r~^(M(7r)) C X^^. 

Since the left Fischer cover is left resolving, m(7r) < \F^\ < oo, so the map 
TT is m(7r) to 1. An irreducible sofic shift is AFT if and only if M~^{7r) is 
closed |Mar85l IJNas85j . so for an AFT, both M-^{tt) and M{tt) are shift 
spaces. 

Definition 1.33 (Boyle and Krieger |BK88j ). Let X be an irreducible sofic 
shift with left Fischer cover {F,Cf) and let vr: Xp X he the covering 
map. X is said to be near Markov if M(7r) is finite. 

Note that every near Markov shift is an AFT and that every SFT is near 
Markov. 



1.3.4 Canonical covers 



A cover is particularly useful if it respects conjugacy. This is captured by 
the following definition. 

Definition 1.34. A cover (cov, tTcov) defined on a subclass S of the class of 
sofic shifts is said to be canonical if whenever X,Y £ S and (p: X is a 
conjugacy, there exists a unique conjugacy cov{ip) : cov{X) — )■ cov(y) such 
that the following diagram commutes 



cov{X) 



cov{ip) 



cov(y) 



vr, 



cov(X) 



TT, 



cov(y) 



X 



Y 



Theorem 1.35 (Krieger |Kri84j ). The left and right Krieger and Fischer 
covers are canonical. 

This result was also proved by Nasu [Nas86j . and the technique of that 
proof will be discussed in detail in Chapter [3] where the same method will 
be used to show that a generalisation of the Fischer cover is also canonical. 
It should also be possible to use the same technique to prove that the past 
set cover is canonical. 
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As mentioned in Section \1.2\ it is generally hard to determine when 
two shift spaces are conjugate. This makes it attractive to consider weaker 
equivalence relations as well, and flow equivalence is one of these. The 
definition is purely topological, but a result by Parry and Sullivan |PS75] 
gives a description of flow equivalence in terms of symbolic dynamics. Flow 
equivalence of shift spaces has been studied much less intensely than conju- 
gacy, but there are several interesting results. In particular, Franks |Fra84j 
has proved that irreducible SFTs can be classified up to flow equivalence 
by a complete invariant that is both easy to compute and easy to compare, 
and Boyle and Huang |Boy02 , IBH031 IHua94j have extended this to reducible 
SFTs at the cost of introducing a much less tractable invariant. Much less is 
known about the flow equivalence of strictly sofic shifts, but Boyle, Carlsen, 
and Filers have given a classification of near Markov shifts and AFT shifts 
where the covering maps of the Fischer covers are 2 to 1 [BCEj. The com- 
plete flow classification of (irreducible) sofic shifts is still a very distant goal, 
so the work in this thesis has been focused on investigating invariants and 
classifying special classes of sofic shift spaces such as the ones considered in 
Chapters H] and O 

Section [2. II gives basic definitions and properties of flow equivalence and 
introduces the fundamental result of Parry and Sullivan. Section [2.21 gives a 
brief account of classification results and invariants which will be used in the 
following, and Section [2 . 3 1 gives a number of lemmas describing concrete fiow 
equivalences which will be used repeatedly in later chapters. Finally, Section 
(23] applies these results to a class of sofic shifts called gap shifts to illustrate 
some of the problems that arise when working with fiow equivalence. 



2.1 Flow equivalence and symbol expansion 

A short introduction to the basic definitions and properties of flow equiv- 
alence will be given in the following. Particular focus will be on a process 
called symbol expansion and on the important result by Parry and Sullivan 
which allows a dynamical interpretation of flow equivalence. For a more 
detailed introduction to flow equivalence of shift spaces, see |Tha06j . 

2.1.1 Flow equivalence 

Let {X, a) be a shift space. Intuitively, the goal of the following deflnition 
is to make sense of (t'"(x) for x £ X and r G M \ Z. 

Definition 2.1. Let {X, a) be a shift space, equip X x M with the product 
topology, and deflne an equivalence relation on X x M by {x, t) ~ {a{x),t — 
1). The suspension flow SX of X is the quotient space X x M/~. The 
equivalence class of {x,t) in SX will be denoted [x,t]. 

The suspension flow is also sometimes (e.g. in |BCEj ) called the mapping 
torus. The suspension flow is a special case of a more general topological 
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concept called a continuous flow (see e.g. |LM951 p. 456]). The suspen- 
sion flow of a shift space is a compact Hausdorff space. A homomorphism 
(p: X ^ Y between shift spaces induces a homeomorphism S(p : SX — )■ SY. 

Let X be a shift space. For each [x, t] G SX and r G M, define [x, t]+r = 
[x,t + r]. For each z £ SX, the set {z + r £ SX | r G M} is called a flow line. 
If y is a shift space and if $ : SX — )■ SY is a homeomorphism, then for each 
z € SX, there exists a map c/j^ : M — )• M such that ^(z + r) = ^(z) + ^z{f) 
for all r G M (see e.g. |Tha061 Theorem 6] for details), i.e. a homeomorphism 
maps flow lines to flow lines. 

Definition 2.2. Let X and Y be shift spaces. A homeomorphism $ : SX — )■ 
SY is said to be a flow equivalence if there for each z G SX exists a mono- 
tonically increasing map : M — t- M such that ^{z + r) = <I>(z) + (fzif)- 
In this case, X and Y are said to be flow equivalent and this is denoted 

X ~FE Y . 

I.e. a homeomorphism is a flow equivalence if it maps flow lines to flow 
lines in a direction preserving manner. It is easy to check that flow equiva- 
lence is an equivalence relation and that conjugate shift spaces are also flow 
equivalent. 



2.1.2 Symbol expansion 

Let X be a shift space with alphabet A, let A A, and introduce a new 
symbol Oa ^ A for each a £ A. The goal is to define a new shift space 
obtained from X by replacing each occurrence of a G ^ by a<0>a in each 
X G X. Let .Aexp^ = ^ U {Oa I a G A}, and define ta'- A^ -^exp^ by 




a£ A 
A 



Extend ta to a map on A* in the natural way. In order to construct a 
corresponding map of biinflnite sequences, it is necessary to choose how to 
index the entries in the image, so define exp^^ : X — )• ^cxp4 by 

exp^(- • • x^i.xqXi •••) = ••• ta{x-i).ta{xq)ta{xi) ■ ■ ■ 

Here, the period denotes the position to the left of entry number 0, so if 
X G X with xq = a and y = exp^(x), then i/q = a and yi = Oa- The 
image expy^(X) is closed but not shift invariant. This leads to the following 
definition. 

Definition 2.3. Define X^^p^ = exp^(X) U o-(exp^(X)). 

X^^pa it is said to be the shift space obtained from X via a symbol expansion 
of A. This is justified by the following proposition. For A = {a}, write exp^ 
instead of expj^j. In this case, the symbol expanded shift X^^P" will often 
be denoted X"^"*^ to emphasise the procedure. 

Proposition 2.4. X'^^^^ is a shift space over ^exp^ with language Bey^p^ = 
ta{B{X)) U{w\3ae A:aw e ta{B{X))}. 
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Proof, ^exp^ satisfies the conditions in Proposition 11.11 since B{X) satisfies 
them, and it is easy to check that w E -^Lp^ is a factor of some x £ X^^'^^ 
if and only if w S Bexp^ ■ D 

Similarly, if is a set of forbidden words for X, then J^(X'^^p^) = taJ~ U 
{b'O'a \ b ^ a} is a set of forbidden words for X^^^^^, and X^^^^ is the shift 
space obtained from X by replacing every a by a(}a in every x £ X for each 
a & A. Symbol expansion is often thought of as a time-delay: Consider a 
biinfinite sequence x € X as being read one symbol at a time by a machine 
taking equally long reading each symbol. In X^^P-*, the word a{>a takes 
twice as long to read as the individual symbols, but in many ways it still 
behaves like a single symbol. 

Symbol expansion is important in the study of flow equivalence because 
of the following fundamental theorem which allows flow equivalence to be 
interpreted in a natural way in terms of symbolic dynamics. 

Theorem 2.5 (Parry and Sullivan |PS75] ). Shift spaces X and Y are flow 
equivalent if and only if there exist shift spaces X = Xi , . . . , Xn = Y such 
that for each 1 < i < n — 1, either 

• Xi and Xj+i are conjugate, 

• Xj+i is obtained from Xi via a symbol expansion, or 

• Xi is obtained from Xj+i via a symbol expansion. 

In this way, flow equivalence is the coarsest equivalence relation finer than 
conjugacy and symbol expansion. The proof in fPS75j is very compact; for 
a more detailed proof, see jPT82|, pp. 87] or [Tha06, Theorem 17]. 

Remark 2.6. In the definition of symbol expansion, a direction was chosen 
by inserting the new symbol to the right of the original symbol a. One 
could think that a different notion of flow equivalence would be obtained by 
considering a form of symbol expansion inserting the new symbol to the left 
of the original symbol, but this is not the case. Indeed, it is straightforward 
to check that such a left symbol expansion can be obtained by a right 
symbol expansion followed by a conjugacy. This is expectable, since there 
is no preferred direction in the topological definition of flow equivalence. 



2.2 Flow invariants and classification 

Irreducible shifts of finite type have been completely classified up to fiow 
equivalence by Franks |Fra84] , and this has been extended to a classification 
of arbitrary shifts of finite type by Boyle and Huang |Boy02 , IBH031 IBS051 



IHua94j . Boyle, Carlsen, and Eilers have reduced the classification problem 
of AFT shifts to a problem involving reducible SFTs equipped with group 
actions and used this to give classifications of near Markov shifts and AFT 
shifts where the covering maps of the Fischer covers are 2 to 1 [BCE], but 
very little is known about the classification of general (irreducible) sofic 
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shifts. The purpose of this section is to give an overview of some classifi- 
cation results and invariants for sofic shifts. Invariants of flow equivalence 
will be called flow invariants in the following. 

The following well-known result shows that many of the classes of shift 
spaces considered so far are invariant under flow equivalence. 

Proposition 2.7. // X is an SFT, sofic, or irreducible and if Y is flow 
equivalent to X, then Y is, respectively, an SFT, sofic, and irreducible. 

Proof. The three properties are preserved under conjugacy |LM95[ Theorem 
2.1.10 and Corollary 3.2.3], so by Theorem 12.51 it is sufficient to check that 
they are also preserved under symbol expansions. Let a E A{X). li X = Xjr 
for a finite set J^, then X^^^'^ can also be described by a finite set of forbidden 
words. If X is presented by a labelled graph {G,C), then is presented 

by the graph obtained from (G, C) by replacing every edge labelled a with 
two edges in succession labelled respectively a and Oa- The invariance of 
irreducibility follows in a similar manner. □ 

In this context, it is also worth mentioning that many important invari- 
ants of conjugacy are not flow invariants. The entropy, in particular, is not 
a flow invariant because a symbol expansion will change the number of al- 
lowed words of a given length. The symbol expansion of a periodic point is 
again a periodic point, but the period will change, so the number of periodic 
points of a given length is not a flow invariant. 

2.2.1 Shifts of finite type 

By Proposition II. 81 every SFT is conjugate (and hence also flow equivalent) 
to an edge shift, so it is sufficient to understand the flow equivalence of 
edge shifts. Bowen and Franks |BF77j have proved that the Bowen-Franks 
group of an edge shift Xa is not only an invariant of conjugacy but also an 
invariant of flow equivalence, and the same is true for the determinant of 
Id— ^ |PS75j . Since |det(Id— A)| is determined by the Smith normal form 
of Id —A, it is sufficient to know the Bowen-Franks group and the sign of 
the determinant in order to find the determinant. The following important 
theorem shows that these invariants are sufficient to give a complete flow 
classification of irreducible SFTs. 

Theorem 2.8 (Franks [Fra84] ) . Let Xa,Xb be irreducible edge shifts that 
are not flow equivalent to the trivial shift with one element. Xa ^fe if 
and only ifBF{A) = BF{B) and sgndet(Id-^) = sgn det(Id -B). 

As mentioned in Section 11.21 it is straightforward to compute the Bowen- 
Franks group of an edge shift, so the complete invariant is both easy to 
compare and easy to compute, and this makes the result very useful. The 
pair consisting of sgndet(Id — A) and BF(X^) is called the signed Bowen- 
Franks group or the Bowen-Franks invariant and it is denoted BF_|_(X^). If, 
for example, BF(Xa) = G and det(Id-^) < 0, then BF+(Xa) = -G. As 
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for the unsigned Bowen- Franks group, this terminology and notation will 
be extended to arbitrary SFTs via Proposition 11.81 and Theorem 12.81 

The Bowen-Franks group is a finitely generated abelian group, so it can 
be written as a finite direct sum of cyclic groups. If BF(X^) = G and if 
one of the terms in G is Z, then det(Id —A) = 0, and the Bowen-Franks 
invariant is written BF_(_(Xyi) = G. It is easy to check that every possible 
combination of sign and finitely generated abelian group can be achieved as 
the Bowen-Franks invariant of an irreducible SFT. If X'"! is the full shift 
with n symbols, then BF+(XW) = -Z/(n - 1)Z. 

In order to classify reducible SFTs, Boyle and Huang | Boy02 IBII031 
IBS051 IHua94j use a collection of groups and group homomorphisms called 
the K-weh as an invariant. The details of the construction will be omitted 
here since the result will not be needed in the following. 



2.2.2 Covers of sofic shifts 

When (coVjTTcov) is a cover defined on some subclass S of the sofic shifts, 
cov X is an SFT for each X & S. The following will demonstrate when the 
flow class of this SFT can be used as a flow invariant of X. 

Definition 2.9. A cover (cov,7rcov) deflned on a subclass S of the class of 
sofic shifts is said to respect symbol expansion if for all X G S", a G A{X), 
and ^ A{X) there exists a map /2cov(x) '■ A{cav{X)) — A{X) such that 

• 7rcov(x)((yn)nGz) = (>Ccov(x) (^n) )nez for ah (y„)„gz G cov(X), and 

• iov A = t^^re exists a conjugacy Lp: cav{X"'^°'^) — >■ 
(cov(X))'^^P-4 such that the following diagram commutes 



cov(X"^"^^ 

'''"cov(X"^"*) 



(cov(X)) 



exp^ 



-1 



expa o 7rcov(v) 



exp^ 
cov X 



Remark 2.10. Let be a subclass of the class of sofic shifts where each 
X ^ S has a distinguished presentation {Gx-,Cx) as described in Remark 
11.191 and consider the cover defined by cov(X) = V^Gx ^^"^ T^coviX) = Cx- 
This cover respects symbol expansion if (G^^ai-yao , 

^ao) is the labelled 

graph obtained from {Gx^Cx) by replacing each edge labelled a by two 
edges in succession labelled respectively a and 0. 

Theorem 2.11 (Boyle, Carlsen, and Filers jBCEj ). Let (cov,7rcov) be a 
canonical cover respecting symbol expansion defined on a subclass S of the 
class of sofic shifts. If X,Y £ S and (p : SX — t- SY is a flow equivalence, 
then there exists a unique flow equivalence cov{ip): Scov{X) — t- S'cov(y) 
such that the following diagram commutes 
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Scoy{X) 



^ Scov(y) 



SlTcov{Y) 



SX 



^ SY 



A cover satisfying the conditions of Theorem l2.11l is said to be flow invariant. 

The following proposition shows that the main covers considered in Sec- 
tion [T3] can all be used as invariants of flow equivalence of sofic shifts. 

Proposition 2.12 (Boyle, Carlsen, and Eilers |BCEj ). The left and right 
Fischer and Krieger covers as well as the past set and future set covers are 
all flow invariant. 

Proof. These covers are all canonical and have the property mentioned in 



The previous proposition is useful, because it allows the powerful invari- 
ants of SFTs to be used for sofic shifts, but information is obviously lost in 
this process. Some of this can be reclaimed using the following proposition. 

Proposition 2.13 (Boyle, Carlsen, and Eilers |BCEj ). Let Xi and X2 he 

flow equivalent irreducible sofic shifts. For i G {1,2}, let-Ki: Xp. — ?• Xj be the 
covering map of the left Fischer cover {Fi,Ci) of Xi, then m(7ri) = m(7r2). 

Naturally, an analogous result holds for the right Fischer cover. 

2.3 Working with symbol expansion 

As seen in Theorem 12.51 conjugacies and symbol expansions allow far- 
reaching deformations of a shift space. This section will show a number 
of concrete constructions that can be used to construct explicit conjugacies 
and symbol expansions between flow equivalent shift spaces. This will allow 
a more intuitive use of symbol expansion, and the lemmas are used repeat- 
edly in the following chapters. The results are unsurprising and at least 
some of them have already been used in arguments in the literature, but 
there are traps which must be avoided when working with symbol expansion, 
so full proofs are given to show what can (and cannot) be achieved. 

2.3.1 Expanding with letters from the original alphabet 

In symbol expansion, a letter that does not belong to the original alphabet is 
inserted after each occurrence of a specific letter, but often it is undesirable 
to expand the alphabet in this way, so the first goal is to show how to symbol 
expand a letter by symbol from the original alphabet. 

Let X be a shift space over A and let a,b £ A. Choose a symbol 
<^ ^ A and construct X"*^"^. Define a one-block map ^ : AU {(}} ^ A hy 
$(0) = b and $U = and let = ^00 : X""^"0 A^ be the induced 



Remark EM 



□ 



22 



2. FLOW EQUIVALENCE 



sliding block code with memory and anticipation 0. Define the shift space 



Lemma 2.14. If X is a shift space over A and a,b E A with a ^ b, then 

FE 



Proof. Choose a symbol <) ^ A and construct ip: X"'^"^ x"-"^"^ as 
above. Since X ~FE X'^^^O, it is sufficient to prove that is a conjugacy. 
Define ^ : 232(X'^^"^) ^ ^ U {^} by 



<0> , w = ab 
i:l{w) , w ^ ab ^ 



let iP = : X"^'^* ^ (^U {0})^ be the induced sliding block code with 
memory 1 and anticipation 0, and note that V' = <f~^- D 

The map (p : X"'"*''^^ — )■ X'^^"'^ generally fails to be injective when a = b 
since (/?((aC*)°°) = = A symbol can, however, be replaced by 

two copies of itself in a shift space where this never happens. 

Lemma 2.15. Let X be a shift space and let a G A{X). If there exists 
N e'N such that ^ ^Af(X), then X ^pE X""^"". 

Proof. As above, it is sufficient to prove that the map ip : 
is injective. Define ^ : i32iv+i(^"'^"") ^ {^} by 



tI{w) , tI{w) 7^ a 

a , ba'^"'~^ is a suffix of t(; for 6 / a, n G N , 
, fea^" is a suffix of for 6 / a, n € N 



and let = ^[^^'°' : X"*^"" ^ j^^an^a^^ jp = cp-^. □ 



2.3.2 Symbol contraction 

In this section, an inverse operation to symbol expansion is constructed. 
Let X be a shift space over {0}. Define the map eo : {0} — > A* by 
e<j>(^) = e and e^|_4 = Id^. Extend this to a map : {AU {(}})* A* in 
the natural way. Let B^i^e = ^<?{B{^))- Assume that there exists X G N 
such that <C>^ ^ ^{^)- It is straightforward to prove that B^^^^ is then the 
language of a shift space X"^"^^. 

Lemma 2.16. Let X he a shift space over A^J {0} with a & A such that 
Xi = a if and only i/xj+i = <) for all x ^ X and i G Z. Then X is obtained 
from X*^*"^^ by a symbol expansion of a to a<J). In particular X'^'^'^ ^pE X. 



Proof Let Y = X'^^' and check that y«^«0 has the same language as 
X. □ 
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Let X be a shift space over A, and assume that there exist a,b € A with 
a ^ b such that F{a) = bF{ab) (i.e. in X, the letter a is always followed by 
the letter b). Choose ^ ^ ^ and define B2{X) {<>} by 



, w = ab 
vl{w) , w ^ ab 



Let if = ^lyf^ : X ^ {AU {0})^ be the induced sHding block code with 
memory 1 and anticipation 0. Let Y = (p{X). Now (p: X — t- y is a conjugacy 
by the same argument as in the proof of Lemma I2.14[ In y, a is always 
followed by 0, and clearly <^ is always preceded by a. Let X"-''^"' = Y^^"^. 

Lemma 2.17. If X is a shift space over A with a,b G A, a b such that 
F{a) = bF{ab), then X r^pE X*^^^". 

Proof. This follows from the construction above and Lemma 12.161 □ 

If X is a shift space, a £ ^(X), and w £ B{X) such that F{a) = wF{aw), 
then Lemma [2. 171 can be applied repeatedly and the resulting shift space is 
denoted X"^^*^. 



2.3.3 Symbol expansion of words 

The goal of this section is to show how and when it is possible to insert a 
symbol after each occurrence of a word rather than after each occurrence of 
a letter. 

Let X be a shift space over let 0) 'v' ^ A, and consider a non-empty 
word w e B{X). Let N = \w\ > 1, and define Bn{X) ^ AU {^} by 



's? , V = W 

rl{v) , V ^ w 



Let ip = ^^^ : X {ALI{^})^. The map if is injective, so y = ip{X) is 
a shift space conjugate to X. Construct Y'^^^^ and define ^ : Au{^, 0} 
^U{0}by 

vl{w) , a = ^ 
a ,07^^' 



Let = ^'oo : y^'^''^ ^ U {<>})^ be the induced sHding block code 
with memory and anticipation 0. The inverse of ip is the sliding block code 
induced by a function which maps tI{w) to ^ if it is followed by so 
is a conjugacy. The image ^p{Y'^'~*'^^) is denoted X""^""^. Note that the 
construction can be carried out even if w can overlap with itself. 

Lemma 2.18. For any shift space X over A, any word w £ B{X), and any 
symbol O^A, X"'^"'^ ^FE X. 

Proof. In the construction above, X is conjugate to Y and y"^^"^^ is con- 
jugate to X^'^^'O. The result follows since Y ~fe Y^^^^ by Theorem 
[231 □ 
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The next goal is to define the symbol expansion of a word by a letter 
that is already in the alphabet. Let X be a shift space over A, and consider 
a word w £ B{X) and a letter b G A. Choose some symbol <y not in A and 
construct X'"^'^^ as above. Define $ : ^ U {0} ^ ^ by 




a = <> 



Construct the induced shding block code ip = ^oo- X"^^"^^ i-A)^, and 
define the shift space X"'^"''' = (/^(X^^"'^). Note that X"""^"^^ need not be 
flow equivalent to X, since (p is not generally a conjugacy. 

To formulate conditions for when X and X^'~^^^ are flow equivalent, it 
is useful to introduce some new notation. Consider w £ Bn{X). A word v 
is said to be a w-overlap if there exist 1 = fci < A:2 < . . . < = \v\ — n + 1 
with /cj+i < ki + n such that tij^- = w for all i £ {1, . . . ,m}. For 
example, the word ababa is a a6a-overlap, while it is not a a6a5-overlap. For 
X G X, a factor is said to be a maximal w-overlap if there do not exist 
i' < i and j' > j such that a^fj'j'] is a i(;-overlap (i.e. it cannot be extended 
to a longer tu-overlap). X is said to admit (non-trivial) tf-overlaps if there 
exists a w-overlap v ^ w in 13{X). 

Lemma 2.19. Let X be a shift space over A, let w S B{X), and let b £ A. 
If X does not allow non-trivial w-overlaps and if for all v £ F{w) with 
\v\ < \w\, wbv does not have wb as a suffix, then X X"""^""^. 

Proof. The conditions guarantee that the sliding block code (p used in the 
construction above is injective. □ 

The following example shows that the conditions in Lemma 12.191 are more 
restrictive than necessary. 

Example 2.20. Consider the run length limited shift X = X(l,3) (cf. 
|LM95[ Example 1.2.5]). This is the shift space over A = {0,1} where 
1 occurs infinitely often in all elements of X and where the number of 
O's between two successive occurrences of 1 is either 1, 2, or 3. Construct 
j^ooh^ooo described above. Note that X°°^°°° is the shift space over {0, 1} 
where 1 occurs infinitely often in all elements and where the number of O's 
between two successive I's is an element of {1, 3, 5}. Clearly, w = 00 overlaps 
non-trivially with itself in 000 G B{X), so the conditions of Lemma [2. 191 are 
not satisfied, but it is also clear that the map tp used in the construction of 
^ooh-^ooo jg £g^j,^ injective because there is an upper bound on the length 
of strings of Os in X and X^^^^^^ which makes it possible to distinguish 
newly added Os from the original ones. Hence, X ~fe X^^^^^^ . 

2.3.4 Symbol contraction of words 

Let X be a shift space over A and let w G 13{X). Assume that F{w) = 
bF{wb) for some b £ A and that w is not a power of b. The latter only 
excludes the shifts where a sufficient number of 6's is necessarily followed 
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by an infinite string of 6's. Let n = {wl, let ^ A, and define a map 
^ : BniX) ^ AU {0} by 



<> , V = w 

rl{v) , V ^ w 



Let (/? = : X ^ {AU {0})^, and let F = ip{X). By assumption, 

<C> is always followed by b in Y, so it is possible to define y^^*^^. Define 
ALI{0} -)■ Ahy 



^(a) 



rl(tt;) , a = 
a , a / 



let "0 = ^'oo : y^^'^^ — )• be the induced sliding block code with memory 
and anticipation 0, and define X'^''^^ = ■il}{Y'^''^^). Note that ip need 
not be a conjugacy, so X^^'~^^ is not flow equivalent to X in general. In 
particular, this process will erase letters inside some occurrences w if w 
can overlap with itself, so the construction is mainly useful when there are 
some constraints on w. 

Lemma 2.21. Let X be a shift space for which there exist w G B{X) and 
b£A such that F{w) = bF{wb). If 

• X does not admit non-trivial wb-overlaps, and 

• there is no u £ F{wb) with 1 < < \w\ such that w is a suffix ofwu, 
then X r^FE X'"^'^'". 

Proof. The first condition guarantees that none of the original w's are al- 
tered by the process, while the second condition guarantees that no new w's 
are created in X"''""^"', so the map tp constructed above is invertible. □ 

Example 2.22. Consider the shift space X over {a,b} where the set of 
forbidden words is J- = {bab}. Clearly, any occurrence of ba must be fol- 
lowed by a, and neither ba nor baa overlaps with itself, so the conditions of 
Lemma 12.211 are satisfied. Hence, X ~fe X^"''^^^'^ , and it is easy to check 
that X^'"'^^" = {a,b}^. 

2.3.5 Replacing words 

Let X be a shift space over A. Consider w G Bn{X) for which X does not 
admit non-trivial if-overlaps, and let be some symbol not in A. The goal 
is to replace w by in every x G X. Define <1> : BniX) — U {(}}) by 



, V = w 
ll{v) , V w 



and let = be the induced sliding block code with memory and 

anticipation n — 1. This is clearly a conjugacy. Let Y = (p{X). Since w 
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does not overlap with itself in any allowed word in B{X), each occurrence 
of <0> in an element of Y is followed by the final n — 1 letters of w. Since {> 
is a new symbol, all these letters can be removed using Lemma 12.171 The 
resulting shift space is denoted X'"^^. Note that X"'"^^ is obtained from 
X by replacing each occurrence of w by in every x £ X. 

Lemma 2.23. For any shift space X and any w £ B{X) for which X does 
not admit non-trivial w-overlaps, X r^pE X""^^. 

Proof. This is obvious from the construction above. □ 



2.4 Application: Flow equivalence of gap shifts 

In this section, the preceding lemmas are applied to an investigation of the 
flow equivalence of a certain class of sofic shifts. For 5* C Nq, the S-gap 
shift X(5) (cf. [LM951 pp. 7]) is the shift space over {0, 1} for which the set 
of forbidden words is 



J": 



{10"1 I n ^ 5} ,5 infinite 

{lO'^l I n ^ 5} U {0°^^^^+!} , S finite 



X(5') is sofic if and only if there exist ei, . . . , e^, fi, ■ ■ ■ , fi, N G No such 
that S = {ei,...,efc} U + iVNo) (see e.g. |LM95[ problem 

3.1.10]). Without loss of generality, it can be assumed that {ei, . . . , e^} H 
({/i, ■■■,//} + NNo) = 0, that /i < • • • < /«, and that fi-fi< N. X{S) is 
an SFT if and only if iV G {0, 1}. 

Lemma 2.24. Let S C Nq. 

1. Ifk£N, thenX{S + k) ^FE>^{S). 

2. // a, 6 G No \ {S}, then X{S U {a}) ~ pE X(5 U {6}) . 

Proof. The first statement follows by using Lemma [2.14l fc times on X(S') to 
expand 1 by O'^. For the second statement, introduce a new symbol and 
define $ : I3a+2{HS U {a})) ^ {0, 1, <>} by 



, w = Wl 
ll{w) , otherwise 



Clearly, 99 = ^[o,a+i]- X(5 U {a}) — )• {0,1,0}^ is injective. Use Lemma 
12.141 or [2.171 on (p{X{S U {a})) to construct a shift space where every is 
followed by O^'x for some x G {1,0}- Finally, construct a conjugacy from 
the resulting shift to X(S' U {b}) as above. The result follows by Theorem 
[231 □ 



Proposition 2.25. Let N and let 



5 = {ei, . . . , efc} U ({/i, ...,//} + NNo) C Nq 
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N h+Nf2 + N f^ + N-- - fi + N 

1 \ \ \ 1 — > 



fl /2 /s • • • fl 



N 



1 ^ 10 



N fi+Nh + N f^ + N-- - fi + N 



Figure 2.1: Illustration of the proof of Proposition 12.251 Translation of the 
periodic structure of 5 in the case < k < I where m = 1. 

«;it/i{ei,...,efc}n({/i,...,/a + iVNo) = 0, /i < • • • < //, andfi-fi<N. 
Let l<j<l,j = l — k (mod /), and 

S' = {0, - /^., ...,/;- /^., /i + AT _/.,... , f^^, + N- /,} + iVNo, 
then X{S) ^fe^{S'). 

Proof. Choose m E No such that k = ml— j + 1, and consider T = S + mN. 
By Lemma E^mi]), X(r) ~fe X(S'). Consider Figure [2Jj and note how the 
periodic structure is translated. Use Lemma |2.24I| 2]) k times to see that the 
sets 

T = {ei + miV, . . . , efc + mN} U ({/i, . . . , fi} + N{m + No)) 

and 

r' = {/„. ..,//} 

U ({/i, . . . , + A^) U • • • U ({/i, . . . , /a + (m - 1)N) 

U({/i,...,//} + iV(m + No)) 
= {fjjj+u ...JiJi + N,..., + N} + iVNo 

generate flow equivalent gap shifts. The result now follows by Lemma 
EMC]). □ 

This result allows a reduction of the generating set of a sofic gap shift to a 
standard form, and two gap shifts with the same reduced form are clearly 
flow equivalent. However, it is still unclear whether two sofic gap shifts can 
be flow equivalent without having the same reduced form. 

The following proposition uses the reduction from Proposition 12.251 to 
give a complete classification of SFT gap shifts. If S" C No and X(5) is 
an SFT, then either 5 or No \ 5 is finite, i.e. S = {ei,...,efc} or 5 = 
{ei, . . . , Cfc} U (/ + No) for some < ei < eg < . . . < < /. 
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Figure 2.2: Right Fischer cover of the gap shift X(S') with S = {si, . . . , + 
uNq for minimal n and si = < S2 < ■ ■ ■ < Sk < n. 

Proposition 2.26. Let S C No such that X{S) is an SFT. 

• If \S\ = k, then X(S') is flow equivalent to the full k-shift. 

• If S is infinite, then X{S) is flow equivalent to the full 2-shift. 

Proof Let S = {ei, . . . ,ek} for < ei < 62 < • • • < e^, and choose k 
different symbols Oi,---,Ofc ^ A^S)) = {0,1}. First, use Lemma [123] 
to replace the word 10*^*= by Then replace 10'^*=~i by (^k-i and continue 
so that 10*^' gets replaced by for all i S {!,..., n}. Note that it is 
important to replace the longest strings of O's first. The result is the shift 
space {Oi,... ,0„}^. 

For the second statement, assume that S = {ei, . . . , e^} U (/ + No) with 
< ei < 62 < . . . < Cfc < /. By Proposition [27251 X{S) ~fe X(No) = 
{0,1}^. □ 

Lemma 2.27. If S = {si, . . . , Sjt} + nNo with minimal n and si = < S2 < 

■ ■ ■ < Sk < n, then the right Fischer cover {F,Cf) of X{S) is the labelled 
graph shown in Figure and BF_|_(Xi;') = —TLjkTL. 

Proof The graph in Figure [272] is a presentation of X(S'), and it is both right- 
resolving and follower-separated, so it is the right Fischer cover of X(S') by 
(an analogue of) Theorem 11.291 The (non-symbolic) adjacency matrix of 
the underlying graph is the n x n matrix A defined by 



1 ; J = ^ + 1 (mod n) 

1 , j = 1, i G {si, . . . , Sfc}, and i < n — 1 

2 , j = l,i = Sk = n - 1 
, otherwise 



Using row and column additions and subtractions, it is easy to check that 
the Smith normal form of Id —A is Diag(A;, 1, 1, . . . , 1) and that det(Id —A) = 
-k. □ 



Proposition 2.28. Let S = {si, . . . , Sk} +nNo and T = {ti,... -1-mNo 
with minimal n,m. IfX(S) ^fe X(T), then k = I and n = m. 
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Proof. Assume that X(5) ~fe X(r), and let S', T' be the sets obtained by 
applying Proposition [2^25] to S and T respectively. Then X(S") ~fe 
The edge shifts of the underlying graphs of the right Fischer covers of X(S") 
and X(r') are flow equivalent by Proposition 12.121 so A; = / by Theorem 
[23] and LemmaE^Tl Let {F,Cf) be the right Fischer cover of X(S"). The 
only left-ray that has more than one presentation in (F,Cf) is 0°° S X(5')~ 
which has n presentations. Hence, the covering map of {F,Cf) is n to 1. 
By symmetry, the covering map of the right Fischer cover of X(T') is m to 
1, so n = m by Proposition 12.131 □ 

According to Boyle |Boyll| , the first part of this result can be replaced 
by a significantly stronger statement: If G N, S',T C {0, . . . ,N — 1}, 
and X{S + A^No) ~fe X(r + A^No) then S = T (mod A^). I.e. the periodic 
structure of the generating set is a flow invariant. This can, for example, be 
used to show that the gap shifts generated by {0, 1} + 5No and {0, 2} + 5No 
are not flow equivalent. With Lemma 12.271 this shows that the Bowen- 
Franks invariant of the right Fischer cover is not a complete invariant of 
flow equivalence of sofic gap shifts. 

Example 2.29. Consider S = {0,1} + 3No and T = {0,2} + SNq. All 
the invariants discussed above have the same value for the two correspond- 
ing gap shifts, and this is arguably the simplest example where it is still 
unknown whether there exists a flow equivalence. 
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The purpose of this chapter is to investigate the structure of - and 
relationships between - various standard presentations (the Fischer cover, 
the Krieger cover, and the past set cover) of sofic shift spaces. These results 
are used to find the range of the flow invariant introduced in [BEPss] , and to 
investigate the ideal structure of the C*-algebras associated to sofic shifts. 
In this way, the work can be seen as a continuation of the strategy applied 
in |CE04al ICE04bl IMatOlj , where invariants for shift spaces are extracted 
from the associated C*-algebras. 

Section 13.21 introduces the concept of a foundation of a cover, which 
is used to prove that the left Krieger cover and the past set cover can be 
divided into natural layers and to show that the left Krieger cover of an 
arbitrary sofic shift can be identified with a subgraph of the past set cover. 

In Section 13.31 the structure of the layers of the left Krieger cover of 
an irreducible sofic shift is used to find the range of the flow invariant 
introduced in [BEPssj . Section 13.41 uses the results about the structure 
of covers of sofic shifts to investigate ideal lattices of the associated C*- 
algebras. Additionally, it is proved that Condition (*) introduced by Carlsen 
and Matsumoto |CM04] holds if and only if the left Krieger cover is the 
maximal essential subgraph of the past set cover. 

Every result developed for left-resolving covers in this chapter has an 
analogue for the corresponding right-resolving cover. These results can eas- 
ily be obtained by considering the transposed shift space = | 
X G X} and the transposed graphs obtained by reversing all edges (see e.g. 
|LM95I p. 39]). 

3.1 Generalising the Fischer cover 

Jonoska |Jon96] proved that a reducible sofic shift does not necessarily have 
a unique minimal left-resolving presentation, so there is no direct analogue 
of the left Fischer cover for reducible sofic shifts. The aim of this section 
is to define a generalisation of the left Fischer cover as the subgraph of the 
left Krieger cover induced by a certain subset of vertices. 

Let X be a sofic shift space, and let {K,Ck) be the left Krieger cover of 
X. A predecessor set P G is said to be indecomposable if 1/ C and 
P = V^QdV Q implies that P gV. 

Lemma 3.1. If a predecessor set P G is indecomposable, then the sub- 
graph of {K,Ck) induced by \ {P} is not a presentation of X. 

Proof. Let E be the subgraph of K induced by \ {P}- Choose G X~^ 
such that P = Poo{x'^)- Let V C \ {P} be the set of vertices where a 
presentation of x"*" can start. By Lemma [1.24l| 3l). Q C P^{x'^) = P for each 
Q G V, and by assumption, there exists y~ £ P \ Uggy Q- Hence, there is 
no presentation of y~x^ in {E,Ck\e)- D 

Lemma l3. II shows that a subgraph of the left Krieger cover which presents 
the same shift must contain all the indecomposable vertices. The next 
example shows that this subgraph is not always large enough. 
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Figure 3.1: Left Krieger cover of the shift considered in Example 13.21 Note 
that the labehed graph is no longer a presentation of the same shift if the 
decomposable predecessor set P = Pi U P2 is removed. 



Example 3.2. It is easy to check that the labelled graph in Figure \37\] is 
the left Krieger cover of a reducible sofic shift X. Note that the predecessor 
set P is decomposable since P = Pi U P2, and that the graph obtained 
by removing the vertex P and all edges starting at or terminating at P is 
not a presentation of the same sofic shift since there is no presentation of 
f°^dbjk°^ in this graph. Note that there is a path from P to the vertex P' 
which is indecomposable. 

Together with Lemma |3. 11 this example motivates the following definition. 

Definition 3.3. The generalised left Fischer cover {G,Cg) of a sofic shift 
X is defined to be the subgraph of the left Krieger cover induced by = 
{P e \P> P',P' indecomposable}. 

The following proposition justifies the term generalised left Fischer cover. 
Proposition 3.4. 

(i) The generalised left Fischer cover of a sofic shift X is a left-resolving 
and predecessor-separated presentation of X. 

(a) If X is an irreducible sofic shift, then the generalised left Fischer cover 
is isomorphic to the left Fischer cover. 

( Hi ) If Xi , X2 are sofic shifts with disjoint alphabets, then the generalised 
left Fischer cover of Xi U X2 is the disjoint union of the generalised 
left Fischer covers of Xi and X2 ■ 

Proof. Given G choose x+ G X+ such that y~ G Poo{x'^) = 

P. By definition of the generalised left Fischer cover, there exist vertices 
Pi, . . . ,P„ E G° such that P = IJILi Pi- Choose i such that £ Pi. By 
construction, the left Krieger cover contains a path labelled y~ terminating 
at Pj. Since Pj G G^, this is also a path in the generalised left Fischer 
cover. This proves that the generalised left Fischer cover is a presentation 
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of X~, and hence also a presentation of X. Since the left Krieger cover 
is left-resolving and predecessor-separated, so is the generalised left Fischer 
cover. 

Let X be an irreducible sofic shift, and identify the left Fischer cover 
{F,jCf) with the top irreducible component of the left Krieger cover [K, jOr)- 
By the construction of the generalised left Fischer cover, it follows that the 
left Fischer cover is a subgraph of the generalised left Fischer cover. Let 
x"*" G X^ such that P = Poo{x^) is indecomposable. Let S he 
the set of vertices where a presentation of in [F,Cf) can start. Then 
P — y}v&s ^'xiiv): SO P S 5 C F*^ by assumption. Hence, the generalised 
left Fischer cover is also a subgraph of the left Fischer cover. 

Since Xi and X2 have no letters in common, the left Krieger cover of 
Xi U X2 is just the disjoint union of the left Krieger covers of Xi and X2. 
The generalised left Fischer cover inherits this property from the left Krieger 
cover. □ 

The shift consisting of two non-interacting copies of the even shift (see 
Example II. 30 p is a simple reducible example where the generalised left Fis- 
cher cover is a proper subgraph of the left Krieger cover. 

Lemma 3.5. Let X he a sofic shift with left Krieger cover {K, Ck)- If there 
is an edge labelled a from an indecomposable P £ to a decomposable 
Q E , then there exists an indecomposable Q' G and an edge labelled 
a from P to Q' . 

Proof. Choose x"*" G X~^ such that P = Poo{ax~^) and Q = Poo{x~^). Since 
Q is decomposable, there exist n > 1 and indecomposable predecessor sets 
Qi, . . . , Q„ e K° \ {Q} such that Q = QiU ■■■UQn- Let 5 be the set of 
predecessor sets P' G for which there is an edge labelled a from P' to 
Qj for some 1 < j < n. Given y~ G P, y~ax~^ G X, so y^a G Q. Choose 
1 < i < n such that y~a G Qi- By construction, there exists P' € S such 
that y~ G P'. Reversely, if y~ £ P' £ S, then there is an edge labelled a 
from P' to Qi for some 1 < i < n, so y~a G Qi C Q. This implies that 
y~ax~^ G X, so y^ G P. Thus P = Up'eS-^'' ^ indecomposable, so 
this means that P £ S. Hence, there is an edge labelled a from P to Qi for 
some i, and Qi is indecomposable. □ 

The following proposition is an immediate consequence of this result and 
the definition of the generalised left Fischer cover. 

Proposition 3.6. The generalised left Fischer cover is essential. 

The left Fischer cover of an irreducible sofic shift X is minimal in the 
sense that no other left-resolving presentation of X has fewer vertices. The 
next example shows that this is not true for the generalised left Fischer 
cover. 

Example 3.7. It is easy to check that the labelled graph in Figure 13.21 is 
the left Krieger cover of a reducible sofic shift X. Note the similarity with 
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Figure 3.2: Left Krieger cover of the shift considered in Example 13.71 



the shift considered in Example l3.2l The predecessor set P is decomposable 
since P = Pi U P2- All other predecessor sets are indecomposable, so the 
labelled graph in Figm'e [3^ is also the generalised left Fischer cover of X. 
Consider the labelled graph obtained by removing the vertex P and all 
edges starting at or terminating at P. This is clearly also a presentation 
of X. Hence, there exist sofic shifts for which a proper subgraph of the 
generalised left Fischer cover is also a presentation of the shift. Note that 
Lemma 13.11 shows that such a subgraph must contain all vertices given by 
indecomposable predecessor sets. 



3.1.1 Canonical and flow invariant 

The next goal is to prove that the generalised left Fischer cover is canonical 
by using results and methods used by Nasu |Nas86j to prove that the left 
Krieger cover is canonical. With Theorem 12.111 this will be used to prove 
that the generalised left Fischer cover is also flow invariant. 

Definition 3.8. When AjC,!) are alphabets, an injective map f : A ^ CD 
is called a bipartite expression. If Xi , X2 are shift spaces with alphabets 
Ai and A2, respectively, and if /i : ^1 — )■ CV is a bipartite expression, then 
a map Xi — )• X2 is said to be a bipartite code induced by fi if there 
exists a bipartite expression f2- A2 ^ T>C such that one of the following 
two conditions is satisfied: 

(i) If 2; G Xi, y = ^{x), and /i(xj) = Cidi with Cj G C and di £ D for all 
i £ 7j, then f2{yi) = diQ+i for all i E Z. 

(ii) li X £ Xi, y = and fi{xi) = Cidi with Cj G C and di € T> for all 
z G Z, then f2{yi) = di-iCi for all i £ Z. 

A mapping <I> : Xi — X2 is called a bipartite code, if it is the bipartite code 
induced by some bipartite expression. 

It is clear that a bipartite code is a conjugacy and that the inverse of a 
bipartite code is a bipartite code. Bipartite codes are of interest in this 
context because of the following theorem. 



36 



3. STRUCTURE OF COVERS OF SOFIC SHIFTS 



Theorem 3.9 (Nasu |Nas861 Theorem 2.4]). Any conjugacy can be decom- 
posed into a product of bipartite codes. 

Let <I> : Xi — X2 be a bipartite code corresponding to bipartite expres- 
sions /i : ^1 — )• CV and /2 : ^2 — ^C, and use the bipartite expressions to 
recode Xi and X2 to 

Xl = {ifl{x^))^ I xeXi} C {CVf 
X2 = {{f2(x^))^ I X G X2} C {VCf. 

For i G {1,2}, fi induces a one-block conjugacy from Xi to Xi, and ^> induces 
a bipartite code $ : Xi — )■ X2 which commutes with these conjugacies. If $ 
satisfies condition (i) in the definition of a bipartite code, then = 
djCj+i when x = {cidi)i^i ^ Xi. If it satisfies condition (ii), then (4>(a:))j = 
di-iCi when x = {cidi)i^z G Xi. The shifts Xi and X2 wih be caUed the 
recoded shifts of the bipartite code, and $ wih be cahed the recoded bipartite 
code. 

A labeUed graph (G, £) is said to be bipartite if G is a bipartite graph, 
i.e. the vertex set can be partitioned into two sets and (G°)2 such 

that no edge has it's range and source in the same set. When (G, £) is a 
bipartite labehed graph over an alphabet A, define two graphs Gi and G2 
as follows: For i G {1, 2}, the vertex set of Gj is {G^)i, the edge set is the set 
of paths of length 2 in {G,C) for which both range and source are in {G^)i, 
and the range and source maps are inherited from G. For i G {1,2}, define 
d: Gj ^2 £.(gj) ^ C{e)C{f). The pair {Gi,£i), (G2,£2) is called 
the induced pair of labelled graphs of {G,C). This decomposition is not 
necessarily unique, but whenever a bipartite labelled graph is mentioned, it 
will be assumed that the induced graphs are specified. 

Remark 3.10 (Nasu |Nas861 Remark 4.2]). Let (G, £) be a bipartite label- 
led graph for which the induced pair of labelled graphs is (Gi, £1), (G2, £2)- 
Let Xi and X2 be the sofic shifts presented by these graphs, and let X^^ , Xg'2 
be the edge shifts generated by Gi, G2. The natural embedding /: G} — 
(G^)^ is a bipartite expression which induces two bipartite codes ip± : — >■ 
such that {(p+{x))i = fiCi+i and {ip-{x))i = fi-iCi when x = {eifi)i^z e 
Xg^. Similarly, the embedding F: £i(G|) — (£(G^))^ is a bipartite expres- 
sion which induces bipartite codes <I>± : Xi — t- X2 such that (<I>+(x))j = 
biUi+i and (<I>_(x))j = bi-iOi when x = {aibi)i^z G Xi. By definition, 
o vTi = 112 o ifj- when tti : X^^ — )• Xi, tt2 : X^j ~^ -^2 are the covering 
maps. The bipartite codes (p± and ^± are called the standard bipartite codes 
induced by (G, £). 

The following lemma is illustrated in Figure [331 

Lemma 3.11 (Nasu |Nas86l Corollary 4.6(1)]). Let Xi ^ X2 be a 

bipartite code between sofic shifts Xi and X2 ■ Let Xi and X2 be the recoded 
shifts of Xi and X2 respectively, and let (i^i,£i) and (-fC2,£2) be the left 
Krieger covers of Xi and X2 respectively. Then there exists a sofic shift 
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4> = : — )■ ^2 

^+{{cidi)i) = {diCi+i)i 



O TTl = 7r2 O 



Figure 3.3: An illustration of Lemma [3.111 For i G {1,2}, {Ki,Ci) is the 
left Krieger cover of the receded shift Xi. The recoded bipartite code $ 
is equal to the standard bipartite code induced by the bipartite left 
Krieger cover {K,C) of the sofic shift X constructed in Lemma 13.111 

X for which the left Krieger cover is a bipartite labelled graph such that 
the induced pair of labelled graphs is {Ki,Ci), {K2,C2) and such that the 
recoded bipartite code $ : Xi — )• X2 of $ is one of the standard bipartite 
codes <I>± induced by the left Krieger cover of X as defined in Remark \3.1(K 

The proof of the following theorem is very similar to the proof of the 
corresponding result by Nasu [Nas86[ Theorem 3.3] for the left Krieger cover. 

Theorem 3.12. The generalised left Fischer cover is canonical. 

Proof. Let f^: Xi — )■ X2 be a bipartite code. Let Xi,X2 be the recoded 
shifts, let {K2,JC2) be the corresponding left Krieger covers, and 

let $ : Xi — )• X2 be the recoded bipartite code. Use Lemma 13.111 to find 
a sofic shift X such that the left Krieger cover (K, C) of X is a bipartite 
labelled graph for which the induced pair of labelled graphs is (Ki,i2i), 
{K2,C2). Let (02,^2), and {G,C) be the generalised left Fischer 

covers of respectively Xi, X2, and X. 

The labelled graph (G, C) is bipartite since G is a subgraph of K. Note 
that a predecessor set P in or K2 is decomposable if and only if the 
corresponding predecessor set in K^ is decomposable. Hi G {1)2} and 
Q ^ CI Kf, then there is a path in Ki from Q to an indecomposable 
P G Kf. By considering the corresponding path in K, it is clear that the 
vertex in K^ corresponding to Q is in G^. Conversely, ii Q £ G^, then there 
is a path in K from Q to a indecomposable P G K^. If P and Q belong to 
the same partition Kf, then the vertex in Ki corresponding to Q is in Gf 
by definition. On the other hand, if Q corresponds to a vertex in Ki and if 
P belongs to the other partition, then Lemma 13.51 shows that there exists 
an indecomposable P' in the same partition as Q and an edge from P to P' 
in K. Hence, there is also a path in Ki from the vertex corresponding to Q 



{K,C) 
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to the vertex corresponding to P', so Q G G^. This proves that the pair of 
induced labehed graphs of {G,C) is (Gi,£i), {02,^2)- 

Let \f -t : Xi — )• X2 be the standard bipartite codes induced by {G,C). 
Remark 13.101 shows that there exist bipartite codes : — ^ such 
that ^'±o7ri|xg^ = ^alxcj °'0±- The labehed graph (G, C) presents the same 
sofic shift as {K,C), so they both induce the same standard bipartite codes 
from Xi to X2 , and by Lemma 13.111 ^ is one of these standard bipartite 
codes, so $ = ^'-|_ or $ = In particular, there exists a bipartite code 
■0: such that 6 o Trilx^^ = ■^21x0^ ° ip- 

By recoding Xi to Xi and X2 to X2 via the bipartite expressions in- 
ducing this gives a bipartite code ■0 such that $ o tti = 112 ° ip when 
TTi , 7r2 are the covering maps of the generalised left Fischer covers of Xi and 
X2 respectively. By Theorem 13. 9t any conjugacy can be decomposed as a 
product of bipartite codes, so this proves that the generalised left Fischer 
cover is canonical. □ 

Theorem 3.13. The generalised left Fischer cover is flow invariant. 

Proof. By Proposition 12.121 the left Krieger cover respects symbol expan- 
sion: If X is a sofic shift with alphabet A, a & A, and {> ^ then the left 
Krieger cover of X""^""^ is obtained by replacing each edge labelled a in the 
left Krieger cover of X by two edges in sequence labelled a and respec- 
tively. Clearly, the generalised left Fischer cover inherits this property. By 
Theorems 12.111 and 13.121 it follows that the generalised left Fischer cover is 
flow invariant. □ 



3.2 Foundations and layers of covers 

Let £ = {E, C) be a finite left-resolving and predecessor-separated labelled 
graph. For each V ^ and each word w over the alphabet ^ of £ define 

wV = {n G E^ I u is the source of a path labelled w terminating in V^. 

Definition 3.14. Let S be a subset of the power set V^E^), and let ~ be 
an equivalence relation on S. The pair (S, ~) is said to be past closed if for 
ah u,v £ U,V e S, and a G A, 

• {v} G S, 

• {u} ~ {v} implies u = v, 

• aV 7^ implies aV G S, and 

• [/ ~ y and aC/ / implies aV ^ $ and all ~ aV. 

Let {S, ~) be past closed. For each V £ S, let [V] denote the equivalence 
class of V with respect to ~. When a G A and V G S, [V] is said to receive 
a if ay / 0. For each [V] G define \ [V]\ = minv/g[v]|1^|. 
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Definition 3.15. Define ^(<f,5, ~) to be the labelled graph with vertex 
set S'/~ for which there is an edge labelled a from [aV] to [V] whenever 
[V] receives a. For each n S N, the nth layer of Q{£,S,^) is the labelled 
subgraph induced by = {[F] G 5/~ | n = is said to be a 

foundation of any labelled graph isomorphic to G{£,S,^). 

If a labelled graph Ti is isomorphic to G{£,S,^), then the subgraph of 
Ti corresponding to the nth layer of Q{£, S, ~) is be said to be the nth layer 
of Ti with respect to £, or simply the nth layer if £ is understood from the 
context. The following proposition motivates the use of the term layer by 
showing that edges can never go from higher to lower layers. 

Proposition 3.16. // [V] G S/r^ receives a £ A, then \[aV]\ < [[V^]]. // 
Q{£,S,^) has an edge from a vertex in the mth layer to a vertex in the nth 
layer, then m < n. 

Proof. Choose V £ [V] such that \V\ = \[V]\. Each u E aV emits at least 
one edge labelled a terminating in V, and £ is left-resolving, so \[aV]\ < 
\aV\ < \V\ = \[V]\. The second statement follows from the definition of 

g{£,s,r^). □ 

Proposition 3.17. £ and Q{£,S,^) present the same sofic shift, and £ is 
labelled graph isomorphic to the first layer ofQ{£,S,^). 

Proof. By assumption, there is a bijection between and the set of vertices 
in the first layer of G{£, S, ~). By Proposition [3T6l there is an edge labelled 
a from to in iS if and only if there is an edge labelled a from [{u}] to [{v}] 
in Q{£, S, Every finite word presented by ^(<5, 5, ~) is also presented by 
£, so they present the same sofic shift. □ 

Example 3.18. Let {F,Cf) be the left Fischer cover of an irreducible sofic 
shift X. For each G X~^, let C to be the set of vertices 

where a presentation of can start. With the trivial relation =, the set 
S = {s(x+) I x+ G X^} C V{F^) is past closed since each vertex in the left 
Fischer cover is the predecessor set of an intrinsically synchronizing right- 
ray, so the multiplicity set cover of X can be defined to be Q{{F, Cp), S,=). 
An analogous cover can be defined by considering the vertices where presen- 
tations of finite words can start. Thomsen |Tho04j constructs the derived 
shift space dX of X using right-resolving graphs, but an analogous construc- 
tion works for left-resolving graphs. The procedure from |Tho041 Example 
6.10] shows that this dX is presented by the labelled graph obtained by 
removing the left Fischer cover from the multiplicity set cover. 

Let X be a sofic shift, and let {K,Ck) be the left Krieger cover of X. 
In order to use the preceding results to investigate the structure of the 
left Krieger cover and the past set cover, define an equivalence relation on 
V{K^) by [/ ~u ^ if and only if [jp^jj P = [j^^y Q. Clearly, {P] ~u {Q} 
if and only if P = Q. liU,V <Z a £ A, aV ^ ^, and U ~u V, then 
all ~u «^ by the definition of the left Krieger cover. 
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Figure 3.4: Left Fischer cover of an irreducible strictly sofic shift. The 
sequence a°° is 1-synchronizing even though s{a°°) = {u, u}. 

Theorem 3.19. For a sofic shift X, the generalised left Fischer cover is a 
foundation of the left Krieger cover, and no smaller subgraph is a founda- 
tion. 

Proof. Let {G,Ca) and {K,Ck) be the generalised left Fischer cover and 
the left Krieger cover of X, respectively. Define 

5 = |y C G° I 3x+ G X+ such that Poo(x+) = IJ 

p&v 

Note that {P] G S for every P G . If x+ G X+ with Poo(x+) = Upgy P 
and if aV / for some a ^ A, then ax^ G X^ and Poo{ax'^) = UpeaV P- 
This proves that the pair (S, ~u) is past closed, so ^((G, 5, ~u) is 
well defined. Since {G,Cg) is a presentation of X, there is a bijection 
Lp: S'/~u — ^ defined by (/'([T^]) = IJp^y P. By construction, there is 
an edge labelled a from \U] to \V] in Q[[G, Cq), S,^\j) if and only if there 
exists x^ G X^ such that Poo(aa;+) = [_}p^uP and Poo(2;^) = Uggy Q> 
so ^((G, >Cg), S", ~u) is isomorphic to {K,jC.k)- It follows from Lemma [HTT] 
that no proper subgraph of (G, £g) can be a foundation of the left Krieger 
cover. □ 

Example 3.20. Figure 13.41 shows a labelled graph which is predecessor- 
separated, irreducible, and left-resolving, so by Theorem II. 29t it is the left 
Fischer cover of an irreducible sofic shift X. Note that Poo{a°°) = Pooiu) U 
Poo(^^) = Pooiu), so this is a vertex in the first layer of the Krieger cover 
with respect to the Fischer cover even though a°° has presentations starting 
at two different vertices. This illustrates the difference between the left 
Krieger cover and the left multiplicity set cover. This example was inspired 
by the example in |CM04l Section 4]. 

The example from |CM041 Section 4] shows that the left Krieger cover 
can be a proper subgraph of the past set cover. The following lemma will 
be used to further investigate this relationship. 

Lemma 3.21. Let X be a sofic shift. For each x^ = X1X2X3 . . . G X'^ there 
exists n G N such that Poo{x~^) = Poo{xiX2 ■ ■ ■ x^) for all k > n. 

Proof. It is clear that Pooixi) 3 PooixiX2) 2 ••• 2 Poo{x~^). Since X is 
sofic, there are only finitely many different predecessor sets of words, so 
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there must exist n € N such that i-*oo(2;iX2 • • • Xk) = -Poo(2;iX2 • • • Xn) for all 
k > n. If y~ G ^00(2^1X2 • • • Xn) is given, then y~xiX2 . . . Xfc € X for all 
k > n, so y~x'^ contains no forbidden words, and therefore G Pooix^). 
Since y~ was arbitrary, Poo{x^) = PooixiX2 ■ ■ ■ x„). □ 

Theorem 3.22. For a sofic shift X, the generalised left Fischer cover and 
the left Krieger cover are both foundations of the past set cover. 

Proof. Let {G,/lc) be the generalised left Fischer cover of X, let {K,Ck) 
be the left Krieger cover of X, and let {W,jOw) be the past set cover of X. 
Define 

5 = |y C G° I 3w G 13{X) such that Poo{w) = (J p}, 

and use Lemma [3.211 to conclude that S contains {P} for every P £ G^. By 
arguments analogous to the ones used in the proof of Theorem l3.19|. it follows 
that ^((G, £g), S", ~u) is isomorphic to {W,Cw)- To see that {K,Ck) is 
also a foundation, define T = {V C \ 3w S B{X) such that Poo{w) = 
\Jp£V -^}' apply arguments analogous to the ones used above to prove 
that {W,Cw) is isomorphic to G{{K, Ck),T,^u). □ 

In the following, the nth layer of the left Krieger cover (past set cover) 
will always refer to the nth layer with respect to the generalised left Fischer 
cover {G,Cg)- For a right-ray (word) x, Poo{x) is a vertex in the nth layer 
of the left Kriger cover (past set cover) for some n E N, and such an x 
is said to be 1/n- synchronizing. Note that x is 1/n-synchronizing if and 
only if n is the smallest number such that there exist Pi , . . . , P„ G G^ 
with |J"=i Pi = Poq{x). In an irreducible sofic shift with left Fischer cover 
{F,Cf), this happens if and only if n is the smallest number such that there 
exist Ml, ... , Un G P° with IJ^Li Poo{ui) = Poo{x). 

Corollary 3.23. // the left Krieger cover of a sofic shift is reducible, then 
so is the past set cover. 

Proof. This follows from Proposition 13.161 and Theorem 13.221 □ 

Example 3.24. Figures 13.51 and 13.61 show, respectively, the left Fischer 
and the left Krieger cover of the 3-charge constrained shift (see e.g. |LM951 
Example 1.2.7] for the definition of charge constrained shifts). There are 3 
vertices in the second layer of the left Krieger cover and two in the third. 
Note how the left Fischer cover can be identified with the first layer of the 
left Krieger cover. Note also that the second layer is the left Fischer cover 
of the 2-charge constrained shift and that the third layer is the left Fischer 
cover of the 1-charge constrained shift. 

Example 3.25. For many shifts (e.g. the even shift) the left Krieger cover 
and the past set cover are equal. To see that this is not always the case. 
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Figure 3.5: Left Fischer cover of the 3-charge constrained shift. 





+ 








+ 








+ 






Poo{u) 




Pooi 


v) 




Poo{w) 




Poo{x) 




A 






f 








+ 




- 


Poo{u) U Poo{v) 


■< 


* 


Poo{v)UPoo{ 


w) 


"* 


Poo{w) U Poo{x) 




\ 








+ 








/ 






Pociu) 


IJPooiv 


)UPoo( 


w) 




Poo{v) 


J Poo{w) U Poo{x) 





Figure 3.6: Left Krieger cover of the 3-charge constrained shift. 

consider the labehed graph in Figure 13. 7i The graph is irreducible, left- 
resolving, and predecessor-separated, so by Theorem 11.291 it is the left Fis- 
cher cover of an irreducible sofic shift X. Note that Poo(a°°) = -foo('Ui) U 
Poo{u2) U Poo{u3) = Pooius), and it is easy to check that all other right-rays 
are also 1-synchronizing, so the left Krieger cover is equal to the left Fischer 
cover. However, Poo(a"c) = Poo('*^i) U ^00(^^2) for each n G N, and there is 
clearly no vertex v in the left Fischer cover such that Poo(o"c) = Pooiv), so 
PooicL^c) is a vertex in the second layer of the past set cover which is shown 
in Figure 13.81 This example was inspired by the example from |CM041 
Section 4]. 

3.3 The range of a flow invariant 

Let -E be a directed graph. Vertices u,v ^ properly communicate |BEPss| 
if there are paths /x, A G E* of length greater than or equal to 1 such 
that s{fi) = u, r(ij,) = v, s(A) = v, and r(A) = u. This relation is used 
to construct maximal disjoint subsets of E^, called proper communication 
sets of vertices, such that u,v G E^ properly communicate if and only if 
they belong to the same subset. The proper communication graph PC{E) 
is defined to be the directed graph for which the vertices are the proper 
communication sets of vertices of E and for which there is an edge from one 
proper communication set to another if and only if there is a path from a 
vertex in the first set to a vertex in the second. The proper communication 
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Figure 3.7: Left Krieger cover of the sofic shift considered in Example 13.251 
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Figure 3.8: Past set cover of the sofic shift considered in Example 13. 25[ 



graph of the left Krieger cover of a sofic shift space is a flow invariant 
[BETssj . 

Let X be an irreducible sofic shift with left Fischer cover [F,Cf) and left 
Krieger cover (X, Ck), and let E be the proper communication graph of K. 
By construction, E is finite and contains no circuit. The left Fischer cover 
is isomorphic to an irreducible subgraph of {K, Ck) corresponding to a root 
r G E^, and by definition, there is an edge from u £ E^ to v £ E^ whenever 
u > V. The following proposition gives the range of the flow invariant by 
proving that all such graphs can occur. 

Proposition 3.26. Let E be a finite directed graph with a root and without 
circuits. E is the proper communication graph of the left Krieger cover of 
an AFT shift if there is an edge from u G E^ to v £ E^ whenever u > v. 

Proof. Let E be an arbitrary finite directed graph which contains no circuit 
and which has a root r, and let E be the directed graph obtained from 
E by adding an edge from u £ E^ to v £ E^ whenever u > v. The goal 
is to construct a labelled graph {F,Cp) which is the left Fischer cover of 
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Figure 3.9: A directed graph with root r and without circuits. 




Figure 3.10: Left Fischer cover of the sofic shift X considered in Example 
[3:271 



an irreducible sofic shift with the desired properties. For each v € ^ let 
l{v) be the length of the longest path from r to v. This is well-defined 
since E does not contain any circuits. For each v G E^, define n{v) = 
vertices vi,...^Vn{v) ^ ■ The single vertex corresponding to the 
root r ^ E^ IS denoted ri. For each v G E^ , draw a loop of length 1 
labelled a„ at each of the vertices vi, . . . , Vn[v) ^ F^. If there is an edge from 
u ^ E^ to V ^ E^, then l{v) > l{u). From each vertex ui, . . . ,Un(u) draw 
n{u,v) = n{v)/n{u) = 2^('")-^i''^) > 2 edges labelled j,, . . . , a",^"'^-* such 
that every vertex vi, . . . ,Vn[v) receives exactly one of these edges. For each 
sink V £ E^, draw a uniquely labelled edge from each vertex vi, . . . , v^^^^ to 
ri. This finishes the construction of {F,Cf)- 

By construction, F is irreducible, right-resolving, and left-resolving. Ad- 
ditionally, it is predecessor-separated because there is a uniquely labelled 
path to every vertex in F^ from ri. Thus, {F,Cf) is the left Fischer cover 
of an AFT shift X. Let {K,Ck) be the left Krieger cover of X. 

For every v G E^, the set {vi | 1 < i < n{v)} satisfies IJilii^ Poo{vi) = 
Poo{a^) and no smaller set of vertices has this property, so Poo(aS°) is a 
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Figure 3.11: Left Krieger cover of the shift space X considered in Example 
13.271 The structure of the irreducible component corresponding to the left 
Fischer cover has been suppressed. 

vertex in the n{v)i\v layer of the left Krieger cover. There is clearly a loop 
labelled at the vertex Poo(a$f ), so it belongs to a proper communication 
set of vertices. Furthermore, 6a^ G if and only if 6 = a„ or 6 = ^ 
for some u £ and 1 < i < n(u,v). By construction, i-*oo(a^ = 

\J]=i Poo{uj) = Poo{a^), so there is an edge from Poo(a2°) to Poo(aS°) if 
and only if there is an edge from utovinE. This proves that E, and hence 
also E, are subgraphs of the proper communication graph of K. 

Since the edges which terminate at ri are uniquely labelled, any G 
which contains one of these letters must be intrinsically synchronizing. 
If G X+ does not contain any of these letters, then must be eventually 
periodic with x~^ = wa^ for some v G E^ and w G B{X). Thus, K only 
has the vertices described above, and therefore the proper communication 
graph of K \s E. □ 

Example 3.27. To illustrate the construction from the proof of Proposition 
13.261 let E be the directed graph drawn in Figure 13.91 E has a unique 
maximal vertex r and contains no circuit, so it is the proper communication 
graph of the left Krieger cover of an irreducible sofic shift. Note that l{x) = 
l{y) = 1 and that l[z) = 2. Figure [3.1UI shows the left Fischer cover of a 
sofic shift X constructed using the method from the proof of Proposition 
13.261 Note that the top and bottom vertices should be identified, and that 
the labelling of the edges terminating at ri has been suppressed. Figure 
13.111 shows the left Krieger cover of X, but the structure of the irreducible 
component corresponding to the left Fischer cover has been suppressed to 
emphasise the structure of the higher layers. 

In |BEPss) ■ it was also remarked that an invariant analogous to the 
one discussed in Proposition 13.261 is obtained by considering the proper 
communication graph of the right Krieger cover. The following example 
shows that the two invariants may carry different information. 
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Figure 3.12: Left Fischer cover of the irreducible sofic shift X discussed in 
Example [3281 
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Figure 3.13: Right Fischer cover of the irreducible sofic shift X discussed in 
Example EM 



Example 3.28. The labelled graph in Figure 13.121 is left-resolving, irre- 
ducible, and predecessor-separated, so by Theorem 11.291 it is the left Fis- 
cher cover of an irreducible sofic shift. Similarly, the labelled graph in Figure 
13.131 is irreducible, right-resolving and follower-separated, so it is the right 
Fischer cover of an irreducible sofic shift. By considering the edges labelled 
d, it is easy to see that the two graphs present the same sofic shift space X. 

Every right-ray which contains a letter different from a or a' is intrin- 
sically synchronizing, so consider a right-ray x"*" G X~^ such that {x~^)i G 
{o, o'} for all z G N. By considering Figure [3.121 it is clear that Poo{x'^) = 
Pooiu) U Pooiv) U Poo(y) = Pooiu), so P{x~^) is also in the first layer of the 
left Krieger cover. Hence, the proper communication graph has only one 
vertex and no edges. 

Every left-ray containing a letter different from a or a' is intrinsically 
synchronizing, so consider the left-ray a°° G X~ . Figure [3.131 shows that 
-^oo(«°°) = Pooiu') UFoo{v') and that no single vertex y' in the right Fischer 
cover has Foo{y') = Foo{a°°), so there is a vertex in the second layer of the 
right Krieger cover. Hence, the proper communication graph is non-trivial. 
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3.4 C*-Algebras associated to sofic shift spaces 

Cuntz and Krieger |CK80j introduced a class of C*-algebras which can nat- 
urally be viewed as the universal C*-algebras associated to shifts of finite 
type. This was generalised by Matsumoto |Mat97j who associated two C*- 
algebras Ox and Ox* to every shift space X, and these Matsumoto alge- 
bras have been studied intensely |Car03l IKMW981 IMat97l IMat98l IMat99al 
IMat99b[ iMatM IMatOOal IMatOObl iMatnTl IMatn2[ IMWY98j . The two Mat- 
sumoto algebras Ox and Ox* are generated by elements satisfying the same 
relations, but they are not isomorphic in general jCM04] . This presentation 
will follow the approach of Carlsen in [i0ar08j where a universal C*-algebra 
Oj^ is associated to every one-sided shift space X. This also gives a way 
to associate C*-algebras to every two-sided shift since a two-sided shift X 
corresponds to two one-sided shifts X~^ and X~ . 

3.4.1 Ideal lattices 

Let X be a sofic shift space and let Ox+ be the universal C*-algebra as- 
sociated to the one-sided shift X~^ as defined in |Car08j . Carlsen proved 
that Ox+ is isomorphic to the Cuntz-Krieger algebra of the left Krieger 
cover of X [Car03j . so the lattice of gauge invariant ideals in Ox+ is 
given by the proper communication graph of the left Krieger cover of X 
[BPRSOOl IKPRR97| , and all ideals are given in this way if the left Krieger 
cover satisfies Condition (K) [Rae05[ Theorem 4.9]. Hence, Proposition 13. 161 
and Theorem 13.191 can be used to investigate the ideal lattice of Ox+ ■ For a 
reducible sofic shift, a part of the ideal lattice is given by the structure of the 
generalised left Fischer cover, which is reducible, but if X is an irreducible 
sofic shift, and the left Krieger cover of X satisfies Condition (K), then the 
fact that the left Krieger cover has a unique top component implies that 
Ox+ will always have a unique maximal ideal. The following proposition 
shows that all these lattices can be realised. 

Proposition 3.29. Any finite lattice of ideals with a unique maximal ideal 
is the ideal lattice of the universal C* -algebra Ox+ associated to an AFT 
shift X. 

Proof. Let E he a. finite directed graph without circuits and with a unique 
maximal vertex. Consider the following slight modification of the algorithm 
from the proof of Proposition 13.261 For each v G E, draw two loops of 
length 1 at each vertex vi, . . . ,Vn(v) associated to v: One labelled and 
one labelled a'^. The rest of the construction is as before. Let {K,Ck) 
be the left Krieger cover of the corresponding sofic shift. As before, the 
proper communication graph of K is given by E, and now {K, Ck) satisfies 
Condition (K), so there is a bijective correspondence between the hereditary 
subsets of E^ and the ideals of C*{K) ^ Ox+. Since E was arbitrary, any 
finite ideal lattice with a unique maximal ideal can be obtained in this 
way. □ 
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3.4.2 The C*-algebras Ox+ and Ox- 

Every two-sided shift space X corresponds to two one-sided shift spaces 
and X~ , and this gives two natural ways to associate a universal C*- 
algebra to X. The next goal is to show that these two C*-algebras may carry 
different information about the shift space. Let Ox- be the universal C*- 
algebra associated to the one-sided shift space {X^)+ as defined in [(^arOSj . 
The left Krieger cover of X"^ is the transpose of the right Krieger cover of 
X, so by |Car03j . Ox- is isomorphic to the Cuntz-Krieger algebra of the 
transpose of the right Krieger cover of X. 

Example 3.30. Let X be the sofic shift from Example 13.281 Note that the 
left and right Krieger covers of X both satisfy Condition (K) from |Rae05j . 
so the corresponding proper communication graphs completely determine 
the ideal lattices of Ox+ and Ox- ■ The proper communication graph of 
the left Krieger cover {K,Ck) of X is trivial, so Ox+ is simple, while there 
are precisely two vertices in the proper communication graph of the right 
Krieger cover of X, so there is exactly one non-trivial ideal in Ox-- In 
particular, Ox+ and Ox- are not isomorphic. 

Consider the edge shift Y = Xk- This is an SET, and the left and right 
Krieger covers of Y are both (K, £id), where Cid is the identity map on the 
edge set K^. By [CarOSj . Ox+ and Oy+ are isomorphic to C*{K). Similarly, 
Oy- is isomorphic to C*{K'^) and K^^ is an irreducible graph satisfying 
Condition (K), so Oy- is simple. In particular, Oy- is not isomorphic to 
Ox-- This shows that the C*-algebras associated to X~^ and X~ are not 
always isomorphic, and that there can exist a shift space Y such that Oy+ 
is isomorphic to Ox+ while Oy- is not isomorphic to Ox-- 

3.4.3 An investigation of Condition (*) 

In [CM04], two C*-algebras Ox and Ox* are associated to every two-sided 
shift space X. The C*-algebras Ox, Ox* , and Ox+ are generated by partial 
isometries satisfying the same relations. Unlike Ox, however, Ox+ is always 
universal [CarOS] . In [CM04] . it is proved that Ox and Ox* are isomorphic 
when X satisfies a condition called Condition (*). The example from |CM041 
Section 4] shows that not all sofic shift spaces satisfy this condition by 
constructing a sofic shift where the left Krieger and the past set cover are not 
isomorphic. The final result of this chapter further clarifies the relationship 
between Condition (*) and the structure of the left Krieger and the past set 
covers. 

Eor each / e N and w € B{X) define Pi{w) = {v e B{X) \ vw G 
B[X)^ \v\ < I}. Two words v,w £ 13{X) are said to be l-past equivalent if 
Pi{v) = Pi^w). Eor x'^ € X^ , Pi{x^) and /-past equivalence are defined 
analogously. 

Condition (*). Eor every I G N and every infinite F C B{X) such that 
Pl{u) = Pi{v) for all u,v £ F there exists x"*" G X~^ such that Pi{w) = 
Pilx+) for ah weF. 
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The result in the following lemma is well known, but a proof is included 
for completeness. 

Lemma 3.31. When X is a sofic shift there exists m G N such that for all 
xi,X2 £ X+UB{X), Pm{xi) = Pm{x2) if and only if Poo{xi) = Poo{x2)- 

Proof. If Poo(2;i) = Poo{x2)-, then clearly Pm{xi) = Pm{x2) for all m G N. 
Given u,v £ B{X) with y~ £ Pcxi{u) \ Poo{v), there must exist w G S{X) 
such that It? is a suffix of y but not a suffix of any element of P(^(^v^. 
In particular, it is possible to distinguish the two predecessor sets just by 
considering the suffixes of length \w\. Define m to be the maximum length 
needed to distinguish any two predecessor sets of words. This is well-defined 
since there are only finitely many different predecessor sets of words when 
X is sofic. By Lemma 13.211 every predecessor set of a right-ray is also the 
predecessor set of a word, so this finishes the proof. □ 

Lemma 3.32. A vertex P in the past set cover of a sofic shift X is in an 
essential subgraph if and only if there exist infinitely many w € S{X) such 
that Pooiw) = P. 

Proof. Let P be a vertex in an essential subgraph of the past set cover of 
X, and let x"*" G X~^ be a right-ray with a presentation starting at P. Given 
n G N, there exists Wn G S{X) such that P = -Pcx>(3;i2^2 • • • XnWn)- To prove 
the converse, let P be a vertex in the past set cover for which there exist 
infinitely many w G B{X) such that P = Poo{w). For each w, there is a 
path labelled starting at P. There are no sources in the past set 

cover, so this implies that P is not stranded. □ 

Proposition 3.33. A sofic shift X satisfies Condition (*) if and only if the 
left Krieger cover is the maximal essential subgraph of the past set cover. 

Proof. Assume that X satisfies Condition (*). Let P be a vertex in an 
essential subgraph of the past set cover and define F = {w G S{X) \ 
Pooiw) = P}. Use Lemma 13.311 to choose m G N such that for all x,y G 
B{X)UX+, Poo(x) = Poo(y) if andonly if P^(x) = P™(y). By Lemma [SSH 
F is an infinite set, so Condition (*) can be used to choose x~^ G X^ such 
that Pm{x~^) = Pm{w) for all w £ F. By the choice of m, this means that 
Poo(x^) = Poo('u^) = P for all w G P, so P is a vertex in the left Krieger 
cover. 

To prove the other implication, assume that the left Krieger cover is the 
maximal essential subgraph of the past set cover. Let / G N be given, and 
consider an infinite set F C B{X) for which Pi{u) = Pi{v) for all u,v £ F. 
Since X is sofic, there are only finitely many different predecessor sets, so 
there must exist w £ F such that Poo{w) = Poo{v) for infinitely many v £ F. 
By Lemma I3.32| this proves that P = Poo (w) is a vertex in the maximal 
essential subgraph of the past set cover. By assumption, this means that 
it is a vertex in the left Krieger cover, so there exists x~^ £ X^ such that 
Pooiw) = Pcx,ix~^). In particular, Pi{x~^) = Pi{w) = Pi{v) for all v £ F, so 
Condition (*) is satisfied. □ 
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In [BPQ7| . it was proved that Ox* is isomorphic to the Cuntz-Krieger alge- 
bra of the past set cover of X when X satisfies a condition called Condition 
(I). According to Carlsen |Carj . a proof similar to the proof which shows 
that Ox+ is isomorphic to the Cuntz-Krieger algebra of the left Krieger 
cover of X should prove that Ox* is isomorphic to the Cuntz-Krieger alge- 
bra of the subgraph of the past set cover of X induced by the vertices P 
for which there exist infinitely many words w such that Poo{w) = P. Using 
Lemma [3.32|, this shows that Ox* is always isomorphic to the Cuntz-Krieger 
algebra of the maximal essential subgraph of the past set cover of X. 

3.5 Perspectives 

The results about the structure of the left Krieger cover and the past set 
cover developed in Section [312] have proved to be useful for constructing sofic 
shifts with specific properties both in the computation of the range of the 
flow invariant in Section 13.31 and in the construction of the examples used 
in Section 13.41 In the following, such arguments about layers will also be 
used to prove that certain Krieger covers are irreducible. 

The existence of the generalised left Fischer cover is interesting because 
it shows how - and to what extend - it is possible to extend the left Fischer 
cover to reducible sofic shifts. It is mainly useful as a means to provide 
structure to the left Krieger cover via the layers since there is no way to 
construct it directly. Indeed, it would be interesting to have an algorithm 
for the construction of the generalised left Fischer cover that did not rely 
on a existing construction of the Krieger cover, but it seems unlikely that 
this can be done, since the definition of the generalised left Fischer cover 
relies not only on the set of indecomposable predecessor sets, but also on 
how these predecessor sets sit as vertices in the left Krieger cover. However, 
if one has the information necessary to construct the Krieger cover, then 
one also has all the information needed to construct the generalised left 
Fischer cover, so the generalised left Fischer cover is at least not harder to 
construct. 



Chapter 4 

Flow equivalence of 
beta-shifts 



51 



52 



4. FLOW EQUIVALENCE OF BETA-SHIFTS 



Boyle | Boyll| has conjectured that irreducible sofic shifts where the 
covering map of the left or right Fischer cover is 2 to 1 can be classified up 
to flow equivalence by an induced SFT - called the fiber product cover - 
with a Z/2Z action. The present work was motivated by a desire to apply 
this result to a concrete class of sofic shifts called beta-shifts. 

Section 14.11 gives an introduction to the basic definitions and properties 
of beta-shifts. In Section 14. 2^ the right Fischer covers of sofic beta-shifts 
are determined, and the covering map is shown to be 2 to 1 if the shift is 
strictly sofic. This result is used to show that the right Krieger cover is 
identical to the right Fischer cover and to construct the right fiber product 
cover. Section [4.31 concerns the fiow classification of beta-shifts. It is shown 
that for every /? > 1, there exists 1 < /3' < 2 such that the two beta- 
shifts are flow equivalent and such that the new generating sequence has 
a form with certain properties. Additionally, the Bowen- Franks groups of 
the covers considered above are computed. Finally, the flow class of the 
flber product cover of a sofic beta-shift is shown to depend only on a single 
integer. With the results conjectured by Boyle |Boyll| , this will give a 
complete fiow classification of sofic beta-shifts. 



4.1 Beta-shifts 



Here, a short introduction to the basic definitions and properties of beta- 
shifts are given. For a more detailed treatment of beta-shifts, see |Bla89J . 
Let /3 S M with /? > 1. For each t £ [0; 1] define sequences and 
it))nm by 

ri{t) = m, rn{t) = (/3r„„i(t)), 

xi{t) = [f3t\, x„(t) = L/5r„„i(f)J, 

where [y\ is the integer part - and (y) is the fractional part - of y G M. 
The sequence xi{t)x2{t) ■ ■ ■ is said to be the ^-expansion of t, and Renyi 
|Ren57j has proved that 

oo 
n=l 

The /3-expansion of 1 is denoted e(/3). As an example, consider (3 = {1 + 
V5)/2 where the /3 -expansion of 1 is e(/3) = 11000- •• . The /3-expansion 
of t is said to be finite if there exists G N such that Xn{t) = for all 
n> N. It is said to be eventually periodic if there exist N,k €N such that 
Xn+k{t) = Xn{t) for all n > N. Define the generating sequence of j3 to be 

fo\ ^ I e(/3) , e(^) is infinite 

\ {aia2---ak-i{ak-l))°° , e(/3) = oi • • • OfeOO • • • and / 

Define Bp = {xn{t) ■ ■ ■ Xm{t) | 1 < n < m, t G [0; 1]}. It is easy to check 
that Bp is the language of a shift space X^. Such a shift space is called a 
beta-shift. The alphabet Ap of Xp is either {0, . . . , /3 — 1} or {0, . . . , [/3J } 



4.2. COVERS OF BETA-SHIFTS 



53 



depending on whether 13 is an integer or not. If /3 £ N, then is the full 
{0, . . . , — l}-shift. For /3 = (l + \/5)/2 as considered above, is conjugate 
to the golden mean shift from Example 11.21 

The words in B{Xf^) and right-rays in X^ are ordered by lexicographical 
order <, and the following two theorems use this order to give fundamental 
descriptions of beta-shifts. 

Theorem 4.1 (Renyi |Ren57j ) . Let /3 > 1, let g{f3) be the generating se- 
quence, let A/s be the alphabet o/X^, and let = x\X2 ... € J^. Then 
x"*" S X^ if and only if x^x^+i • • • < for all G N. 

Theorem 4.2 (Parry |Par60j ) . A sequence 0102 • • • is the ^-expansion ofl 
for some (3 > 1 if and only if a^ak+i ■ ■ ■ < aia2 " " " for all A; S N. Such a (3 
is uniquely given by the expansion ofl. 

This shows that the generating sequence is periodic if and only if the 13- 
expansion of 1 is finite. 

Beta-shifts provide a link between symbolic dynamics and number the- 
ory, and it is natural to explore how the number theoretical properties of 
/3 influence the dynamical properties of X^. The following two propositions 
give results of this kind. For detailed treatments of the number theoretical 
aspects of beta-expansions, see |Sch80| and |BM86j . 

Proposition 4.3 (Parry [Par60j ) . If (3 > 1 is a Pisot number (i.e. an 
algebraic integer for which all conjugates have absolute value less than 1 ), 
then X^ is sofic. 

Proposition 4.4 (Denker et al. |DGS76j . Lind [Lm84]). Let ^ > 1. IfX^ 
is sofic, then (3 is a Perron number. 

As a consequence of this, X^ is not sofic if /3 is a non-integer rational number. 



4.2 Covers of beta-shifts 



Let /? > 1, let g{l3) = gig2 • • • be the generating sequence of X^, and define 
an infinite labelled graph = {Gp^Cp) with vertices = {uj | i E N} 
and edges = {e^ | i G N, < /c < 5(4} such that 

s{e^,)=v., r(ef) = {;;^+i ' ' Cp{e\) = k 

for alH G N and < k < gi. It is easy to check that this is a right-resolving 
presentation of X^. The labelled graph {Gp,Cfs) is called the standard loop 
graph presentation of X^; it is shown in Figure HTTJ Note that the structure 
of the standard loop graph shows that every beta-shift is irreducible. 
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Figure 4.1: The standard loop graph of a beta-shift with generating sequence 
5'(/3) = {9n)neN- 

4.2.1 Fischer cover 

Parry |Par60j proved that is an SFT if and only if the generating se- 
quence is periodic, and Betrand-Mathis |BMj proved that is sofic if and 
only if the generating sequence is eventually periodic. The latter result is 
apparently only available in a preprint, so a proof is given here for com- 
pleteness. 

Proposition 4.5. Given /3 > 1, the beta-shift is sofic if and only if 
the generating sequence g{f3) is eventually periodic. For minimal n,p E N 
with g{l3) = gi - ■ ■ gn{9n+i ■ ■ ■ 9n+p)°° , the right Fischer cover of X^ is the 
labelled graph {Fp, Cp) shown in Figure which has F^ = {vi, . . . Vn+p}, 
F^ = {e^ \ I < i < n + p,Q < k < gi], and 

{Vl , k < gi 
Vi+i , k = gi,i <n+p , and Cp{e^) = k. 
Vn+i , k = gn+p,i = n + p 

Note that the right Fischer cover (F^, of a sofic beta-shift with generat- 
ing sequence g{(3) = gi - ■ ■ gn{gn+i • ■ ■ 9n+p)°° is the labelled graph obtained 
from the subgraph of the standard loop graph Qp induced by the first n + p 
vertices f i , . . . , Vn+p of by adding an additional edge labelled gn+p from 

Vn+p to Vn+l- 

Proof of Proposition |^. 5[ . Assume that g{j3) is not eventually periodic and 
let v,w be finite prefixes of g{fi) with v ^ w. Choose x+,x+ G X^ such 
that vx'^ = g{f3) = wx^. Since g{(3) is not eventually periodic, x+ / x+. 
Assume without loss of generality that x+ > x+. Then wx^ > wx^ = g{f3), 
so by Theorem 14. H wx^ ^ X^. Hence, Poo{Xy ) ^ Poo{x^). Since g{(3) is 
not eventually periodic, this proves that X^ has infinitely many different 
predecessor sets, so it is not a sofic shift (see Section ri.3.ip . The standard 
loop graph is a right-resolving presentation of X^, so it follows from the 
observation preceding this proof that {Ffi^Cp) is so as well. It is easy to 
check that {Fp,Cp) is also follower-separated, so it is the right Fischer cover 
of by Theorem fL29l □ 
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Figure 4.2: Right Fischer cover of a sofic beta-shift with generating sequence 
gW) = 51 • • • 9n{gn+i ■ ■ ■ gn+p)°° for minimal n,p. 

Lemma 4.6 (Johnson |Joh991 Proposition 2.5.1]). Let j3 > 1, let he 
sofic, and let {Fp,Cp) he the right Fischer cover ofY^p. If there is a path 
\ G with s(A) = vi such that Cp{\) = w is not a factor of g{f3), then 
every path in F^ labelled w terminates at r(X). 

Some cases are left unchecked in the proof in |Joh99] . so a slightly altered 
proof is given here for completeness. 

Proof. Let Fg = {vi , . . . , Vn+p} as in Proposition 14.51 Let fj, G F^ with 
jCi3{fj,) = w. If s(^) = s(A), then A = /i since (Fp^Cj^) is right-resolving, so 
assume that s{fj,) = for some k > 1. Since w is not a factor of /u 
must pass through fi, so it is possible to choose minimal 1 < j < 1^1 such 
that r[iij) = vi. Define < / < j by 



I 



, r{\i) / vi for all 1 < i < J 

max{i I 1 < i < j,r{\i) = vi} , otherwise 



If / = j, then r{fj,j) = vi = r{\j), so r(/x) = r(A) since {Fp,Cp) is right- 
resolving. 

The result is obvious if g{j3) is periodic with period 1, so assume that 
this is not the case. Then there is no edge labelled gi terminating at vi, so 
Cp{\j) = Cj3{nj) < gi, and if / = j — 1, then this implies that r{\j) = vi 
in contradiction with the definition of /. Assume therefore that / < j — 1. 
Then 

^I3{l^[l+l,j]) = = ^I3{\l+l,j]) = 51 • • • 9j-l-l, 

so 51 • • • gj-i-igig2 • • • G since r{fij) = vi. By Theorems 14.11 and 14 . 2 1 this 
is only possible if g{/3) = (gi - ■ ■ gj-i-i)°° . By the construction of (Fg,i2^), 
every path labelled gi ■ ■ • gj-i-i must then start at vi, so s{fii+i) = vi and 
r(/i;) = vi in contradiction with the construction of / and the assumptions 
on /i. □ 
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Figure 4.3: Right Fischer cover of the sofic beta-shift from Example 14.81 

Proposition 4.7. Let /3 > 1 with eventually periodic g{f3), let {Fp^Cp) he 
the right Fischer cover ofY-p, and let vr: Y^pp — ^ he the covering map. If 
g{(3) is periodic, then n is 1 to 1, and if not, then it is 2 to 1. 

Proof Let g{(3) = gi ■ • •g„(g„+i • ■ ■ gn+p)°° for minimal n,p G N, and let 
Wp = gn+i • • • gn+p- The first goal is to prove that if a; G has more than 
one presentation in [Fp^Cij), then there exits A; £ Z such that • • • Xk_iXk = 

Let X G X^, and let A be a biinfinite path in Fp with Cp{\) = x. If there 
is a lower bound / on the set 

A = {j £ Tj \ 3i < j : £/3(A[jj]) is not a factor of g{/3)}, 

then there exists k < I such that • • • x^^iXk = since x is biinfinite 
while g{l3) is not. By Proposition 14.51 the only circuit in {Fp,Cp) that 
does not pass through vi is labelled Wp, so if there is a lower bound I on 
the set B = {i £ Z \ r(Aj) = vi}, then there exists k < I such that 
■ ■ ■ Xk_iXk = u!^. Assume that both A and B are unbounded below, let 
/U G Xi?^ with >C(/u) = X, and let k G Z. Then there exist i < j < k with 
s(Aj) = vi such that w = Cfs{X[ij]) is not a factor of g{(3). By Lemma 
r{fij) = r(Xj), and {Fp^^Cp) is right-resolving, so this implies that = ^k- 
Since k was arbitrary, X = fi, and this proves the claim. 

If g{P) is periodic, then every circuit in Fp passes through vi, and only 
one of these is labelled Wp since p is the minimal period. Hence, there is 
precisely one vertex in F^ where a presentation of can end, so np is 1 
to 1 and X^ is an SFT. 

Assume that g{(3) is eventually periodic without being periodic. Then 
< 5(/3)[i,p], so there is a circuit fj, in Fp passing through vi with Cp{iJ,) = 
■Wp. Choose < i < p such that Wi - ■ ■ WpWi ■ ■ ■ Wp-i is maximal among the 
cyclic permutations of the letters of Wp. The number i is unique because 
p is the minimal period. Now s{fii) = Vi, so fi is unique because {Fp,Cp) 
is right-resolving. The only circuit that does not pass through vi is also 
labelled tfp, so vr^ is 2 to 1. □ 

Example 4.8. Use Theoremg^lto choose /3 > 1 such that c/(/3) = 11(10)°°. 
The right Fischer cover of X^ is shown in Figure 14.31 Note that there are 
two presentations of the biinfinite sequence (10)°° and only one presentation 
of every other sequence. 
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Figure 4.4: Left Fischer cover of the beta-shift of finite type considered in 
Example 14.101 

The fohowing result was proved by Parry |Par60j , but it is repeated here 
since it follows from Propositions 14.51 and 14.71 and Corollary 11.281 

Corollary 4.9. For /3 > 1, the beta-shift is an SFT if and only if the 
generating sequence g{/3) is periodic. 

A direction was chosen in the construction of which makes right-rays 
behave qualitatively differently from left-rays. This means that, while the 
right Fischer cover is easy to construct using Proposition 14.51 it is gener- 
ally non-trivial to find the left Fischer cover of a sofic beta-shift. This is 
illustrated by the following example. 

Example 4.10. Use Theorem to find /? > 1 with g{f3) = (111010)°°. 
Elementary computations show that the left Fischer cover of X^ is the la- 
belled graph shown in Figure 14. 4[ This graph is arguably more complicated 
than the corresponding right Fischer cover. In particular, the left Fischer 
cover has non-intersecting loops. 

4.2.2 Krieger cover 

Proposition 4.11. If 13 > 1 and the beta-shift X^ is sofic, then the right 
Krieger cover ofXjj is identical to the right Fischer cover [Ff^^Cp) o/X^. 

Proof. Let n,p be minimal such that g{j3) = gi - ■ ■ gnidn+i ■ ■ ■ gn+p)°° and let 
Fj^ = {vi, . . . , Vn+p} as in Proposition Let x~ £ X^, and let r{x^) C F^ 
be the set of vertices where a presentation of x~ can end. The goal is to prove 
that x~ is 1-synchronizing. Assume that x~ = {gn+i • • • 9n+p)°° Qn+i ■ ■ • Qn+k 
for some k < p. By the proof of Proposition |T71 there is a unique i such that 
there is a circuit labelled w'p = gn+k+i " " " dn+pdn+i • • • dn+k passing through 
vi and terminating at f j. Similarly, there is a unique j ^ i such that there 
is a circuit labelled w'p which terminates at vj without passing through vi. 
Now, r(x~) = {vi,Vj} and Foo{vj) C Foo(fi), so x~ is 1-synchronizing. If 



58 



4. FLOW EQUIVALENCE OF BETA-SHIFTS 



x~ is not of the form considered above, then the proof of Proposition 14.71 
shows that |r(x~)| = 1, so x~ is 1-synchronizing. Hence, the right Krieger 
cover is equal to the right Fischer cover by Theorem 13.191 □ 

This result also follows from [KMW98] where it is shown that the Mat- 
sumoto algebra associated to is simple. 

4.2.3 Fiber product 

This section contains an introduction to fiber products and a construction 
of the right fiber product covers of sofic beta-shifts. 

Definition 4.12. Let X be an irreducible sofic shift and let (F, Cp) be the 
right Fischer cover of X. The (right) fiber product graph of X is defined to 
be the labelled graph with vertex set {{u,v) \u,v ^ F"} where there is an 
edge labelled a from {ui,vi) to {u2-,V2) if and only if there are edges labelled 
a from ui to U2 and from vi to V2- 

Lemma 4.13. Let X he a sofic shift over A, let {F,Cf) he the right Fischer 
cover of X, let n = \F^\, and let A he the corresponding symholic adjacency 
matrix. Then the symholic adjacency matrix of the fiher product graph is 
{B(i, j))i<ij<n where B{i,j) is the nxn matrix over formal sums over A 
obtained from A by omitting all symbols not appearing in the entry Aij . 

Proof. This follows directly from the definition of the fiber product graph. 

□ 

The fiber product graph of X is a presentation of X, and it contains the 
right Fischer cover as the subgraph induced by the diagonal vertices {{v, v) \ 
V G -F°}. The fiber product graph is generally not essential, so it is often 
useful to pass to the maximal essential subgraph. This subgraph will be 
called the fiber product cover in the following. 

Let X be a sofic shift with right Fischer cover {F,Cf) such that the 
covering map tt : Xp — )■ X is 2 to 1, and let {P,Cp) be the fiber product cover 
of X. Let A G Xp be a biinfinite sequence, let z G Z, let s{\i) = {ui,Vi) £ P^, 
and let r(Aj) = (uj+i, Vj+i) G P°. Then {vi,Ui), {vi+i,Ui+i) G P° as weh, 
and there is a unique edge labelled vCp(Aj) from {vi,Ui) to j+i, Uj+i). This 
defines a continuous and shift commuting map Xp — t- Xp with tp"^ = id. 
In this way, the labelling induces a continuous and shift commuting Z/2Z 
action on the edge shift Xp. This is said to be the Z/2Z action on Xp 
induced by the labels. This also induces a corresponding continuous Z/2Z 
action on the suspension SXp. See [BS05] for an investigation of equivariant 
fiow equivalence of shift spaces equipped with group actions. 

Conjecture 4.14 (Boyle |Boyll| ). Fori G {1, 2}, let Xi be a sofic shift with 
right Fischer cover {Fi,CpJ for which the covering map iTi: Xp. ^ Xi is 2 
to 1, and let {Pi,CpJ be the fiber product cover of Xi. Then Xi and X2 are 
flow equivalent if and only if there is a flow equivalence <I>: SXp^ — ?■ SXp^ 
which commutes with the Z/2Z actions induced by the labels. 
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The present work was motivated by a desire to apply this conjectured result 
to a concrete class of shift spaces. Strictly sofic beta-shifts are natural for 
this because the covering maps are always 2 to 1 by Proposition 14.71 

Example 4.15. Use Theorem to find 1 < /? < 2 such that = 
1(10)°°. The symbolic adjacency matrix of the right Fischer cover of the 
corresponding beta-shift X/j is 

1 

] 


where a blank entry signifies that there is no edge between the two vertices. 
By Lemma |4.13[ the symbolic adjacency matrix of the fiber product graph 
of is 





( ° 


1 


\ 


(1,1) 







1 




(1,2) 











(1,3) 









1 


(2,1) 


A = 
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(2,2) 
(2,3) 











(3,1) 











(3,2) 









/ 


(3,3) 



(4.1) 



By disregarding stranded vertices, this can be reduced to 



A' 




Figure 14.51 shows this fiber product cover. Note that it contains the right 
Fischer cover as the connected component containing the diagonal vertices. 



(1,2) 



(2,3) 



oO(i,i; 



(2,2) 



(3,3) 



(2,1) 




1 



(3,2) 



Figure 4.5: Fiber product cover of the sofic shift from Example 14.151 
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9n+p 



0, 




Figure 4.6: Fiber product cover of a sofic beta-shift with minimal n,p such 
that g{(3) = 51 • • • gni9n+i ■ ■ ■ 9n+p)°° ■ 

The following proposition shows that the fiber product cover always has 
the structure seen in the previous example. 

Proposition 4.16. Let /3 > 1 such that g{l3) is eventually periodic but not 
periodic, then the fiber product cover ofXjs is the graph shown in Figure 

Proof. Let {Fp^Cf^) be the right Fischer cover of X^, and let n,p be minimal 
such that g(/3) = gi - ■ ■ gnidn+i • • • gn+p)°°- By the proof of Proposition \A.7\ 
a left-ray will have a unique presentation unless it is equal to w°° for some 
cyclic permutation vu of the period gn+i • • • 9n+p- To find the fiber product 
cover, it is therefore sufficient to consider such periodic left-rays. 

By the proof of Proposition 14.71 there exist uq, . . . , Up-i, u'q, . . . , Mp_i G 
F^ with Ui 7^ such that there are edges labelled gn+i+i from Uj to 
Ui+i (modp) and from u'^ to u'._^^ (modp) ^^^^^ < i < p - 1. Now 
{uq, u'q), . . . , (up^i, Up_^) are the only off-diagonal vertices in the fiber prod- 
uct cover. For each < i < p — 1, the fiber product cover has an edge 
labelled gn+i+i from (uj, u'^) to (uj+i (mod p)^u'.+i (mod p)) ^^ges labelled 
0, . . . , gn+i+i — 1 from {ui,u[) to (f i, vi), where vi is the first vertex of the 
right Fischer cover. This gives the labelled graph shown in Figure 14.61 □ 
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Remark 4.17. Let /3 > 1 with g{/3) = gi - • • gnidn+i • • • gn+p)°° for minimal 
n,p, and let {Pp,Cpg) be the right fiber product cover of Xp. Consider the 
Z/2Z action on Xp^ induced by the labelling. The element 1 € "L/TL acts 
by fixing the part of the graph that is isomorphic to the Fischer cover and 
switching the two analogous irreducible components lying above (see Figure 

USD. 



4.3 Flow classification of sofic beta-shifts 

The aim of this section is to use the acquired knowledge about the structure 
of the fiber product covers to examine the flow equivalence of the corre- 
sponding edge shifts. If Conjecture 14.141 is true, this will give a complete 
flow classification of sofic beta-shifts. First, a simple flow classification of 
beta-shifts of finite type is given. Then the Bowen-Franks groups of the 
covers of sofic beta-shifts considered in the previous sections are computed 
and shown to depend only on the sum of the entries in the period of the 
generating sequence. Finally, it is proved that this number is a complete 
invariant of flow equivalence of the edge shifts of the fiber product covers of 
sofic beta-shifts. 



4.3.1 Flow classification of beta-shifts of finite type 



The characterisation of beta-shifts of finite type given in Corollarv l4.9l makes 
it possible to give a complete fiow classification of such shifts. 

Proposition 4.18. Given /3 > 1 such that Xp is an SFT, choose mini- 
mal p G N such that the generating sequence is g{(i) = {gi ■ ■ ■ gp)°° , then 
BF_(_(X^) = —'L/S'L with S = Y2^=i9j- -^'^ particular, every SFT beta-shift 
is flow equivalent to a full shift. 

Note that Yl^=i 9j = S?=i o-i ~ ^ when e(/3) = oi • • • OpOO • • • and Op / 0. 
Proof. By Proposition 14.51 the (non-symbolic) adjacency matrix of the un- 
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1 




gp-i 

\gp + l 



IS 
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1 





0/ 



Now it is straightforward to compute the complete invariant by finding the 
Smith normal form and determinant of Id —A. □ 



It is also not hard to construct a concrete fiow-equivalence between the 
beta-shift considered in Proposition 14. 181 and the full {S + l)-shift. 
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Example 4.19. If ^ > 1, then the entropy of is log/3 |Par601 IRen57| . 

In particular, beta-shifts X^^ and X^j with /3i ^ fi^ are never conjugate. 
However, by Theorem 14.21 there exist 1 < /3i < 2 and 2 < /32 < 3 such 
that (110)°° is the generating sequence of X^^ and (20)°° is the generating 
sequence of X^^j and the beta-shifts X^^ and X^j are flow equivalent by 
Proposition 14.181 

4.3.2 Bowen-Pranks groups 

The Bowen-Franks groups of the underlying graphs of the covers from Sec- 
tion 221 will be computed in this section. 

Proposition 4.20. Let /3 > 1 with sofic X^, and let n,p be minimal such 
that g{l3) = gi • • • gn{gn+i • • • gn+p)°° ■ Let Ak and Ap be the adjacency 
matrices of the underlying graphs of respectively the Krieger cover and the 
fiber product cover. Then BF+(^;^) = -l/SZ and BF(^p) = (Z/S'Z) 
Z e Z where S = Ya^i 9n+i- 

Proof. By Proposition 14. Ill 
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It is straightforward to find the invariant by computing the Smith form and 
determinant of Id — Ak- The other Bowen-Franks group is computed in the 
same manner. □ 

These Bowen-Franks groups only contain information about the sum of the 
numbers in the periodic part of the generating sequence. This is partially 
explained by the results of the following section. 

4.3.3 Concrete constructions 

This section contains recipes for concrete constructions of flow equivalences 
reducing the complexity of beta-shifts. Let n G N and n — l</3<nbe 
given, and let X = X^. Define Ap — )• {0, 1}* by 
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and extend this to ^p: J^^ — >• {0, 1}* by <^{a\ ■ ■ ■ an) = • • • ^{cLn)- The 

shift closure oi (p{B{X)) is the language of a shift space X' flow equivalent to 
X by Lemma 231 Define the induced map ip : X+ — )• X'+ by ip{xiX2 • • •) = 

ip{xi)ip{x2) ■■■ . 

Lemma 4.21. The map ip: X^ — )• X'^ constructed above is surjective and 
order preserving. 

Proof. The map preserves the lexicographic order by construction. Let 
x'~^ £ be given. By construction, there exists x~^ = xiX2 - ■ ■ G X^ 

such that x'"^ = Wip{x2)^{x3) ■ ■ ■ where w is a suffix of (p{xi). Now there 
exists 1 < a < xi such that w = (p{a). Since 0x2X3 • • • < X1X2 • • • < g{/3), it 
follows from Theorem 14.11 that 0x2X3 • • • G X~^ , so x'^ G ip{X~^). □ 

Theorem 4.22. For every /3 > 1 there exists 1 < /?' < 2 such that ^fe 

Proof. Let X = X^, and construct X' ~fe X and ip: X^ — t- X'^ as above. 
Use Theorem lO to choose 1 < < 2 such that g{l3') = ip{g{l3)). The aim 
is to prove that X' = X^/. 

Given x'+ = x'ix'2 • • • G X'^ and A; G N, let x'^+ = x'^x'^^;^ • • • . Use 
Lemma 14.211 to choose x"*" G X'^ such that <p{x^) = x^+. Now x+ < g{/3) 
and (p is order preserving, so x^+ < g{/3'). By Theorem l4.lt this means that 
x'+ gX+. 

Let x'~^ = x'iX2 • • • G X^, and let n = max^^. Consider the extension 
ip: {0, — )• {0,1}^ and note that x'+ does not contain 1"+^ as a 
factor, so there exists x+ = X1X2 • • • G {0, . . . , n}^ such that ip{x^) = x'^ . 
Let G N be given and let Xi.+ = x^x^+i • • • . Then there exists I > k such 
that ip{xk+) = x[x[_^]^- ■ ■ < g{f3') = ip{g{f3)), but ip is order preserving, so 
this means that x^+ < g{/3). Hence, x"*" G X^ and x'^ G as desired. □ 

This shows that it is sufficient to consider 1 < /? < 2 when trying to classify 
sofic beta-shifts up to flow equivalence. The next goal is to find a standard 
form that any sofic beta-shift can be reduced to. 

Lemma 4.23. Let 1 < /3 < 2 such that g(f3) is aperiodic and let n be the 

largest number such that 1" is a prefix of g{f3). Then ^fe X^"'''^^" = X^/ 
where g{(3') is obtained from g{l3) by deleting a immediately after each 
occurrence of 1" . 

Proof. Note that 1"+^ ^ B{Xp), so each occurrence of 1" in is followed 
by and X^""'"''^" is well defined. There is an upper bound on {k \ (1"0)^ G 
i3(X^)} since 1"0 is a prefix of g{l3) which is aperiodic, and therefore X^ ~fe 
^i"Oi->-i" j^y arguments similar to the ones used in Example 12.201 Define 

ip: X'jj — )• {0,1}^ such that ip{x~^) is the sequence obtained from x+ by 
deleting one immediately after each occurrence of 1". This is an order 
preserving map. Use Theorem 14.21 to choose /3' such that g{/3') = ip{g{/3)). 
Given y+ G Xj^^^^" and A; G N, define x"^ to be the sequence obtained from 
ykVk+i • • • by inserting after yj if there exists I G N such that yy_inj] = 
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Q-^in g^g]^ ii^g^i j — — I and y[kj] = l'"- Now, x"*" G X^, so 

ykVk+i--- = ^{x+) < ifigW)) = g{/3'), so y+ G X+ by Theorem El A 
similar argument proves the other inclusion. □ 

Corollary 4.24. Let 1 < /3 < 2 such that g{/3) is aperiodic and let n be 
the largest number such that 1" is a prefix of g{j3). For each k > n/2, 
^FE X^"'^*'"'''^"'^*'^ = X^' where g{(3') is obtained from g{fi) by inserting a 
immediately after the initial l'^ and after each subsequent occurrence of 01^ . 

Proof Apply Lemma 14.231 to Xr>. □ 

Example 4.25. Consider /3 > 1 such that g{l3) = 1101101(0101100)°°. Use 
Lemma 1123] to see that X^ ~fe X^^ when g{l3i) = 11111(010110)°°. By 
Corollary I4.24^ X/j^ ~fe X/j^ when 

c,(/32) = 111110(010110)°° = 111(110010)°°. 

Note how this operation permutes the period of the generating sequence. 
Use Corollary 14.241 again to show that Xjj^ ~fe X^g when 

c/(/33) = 1110(110010)°° = 11(101100)°°. 

An additional application of Corollary 14.241 will not reduce the aperiodic 
beginning of the generating sequence further, since it will also add an extra 
inside the period. Note in particular that the length of neither the period 
nor the beginning of the generating sequence is a flow invariant. The sum 
of entries in the period of the generating sequence is a flow invariant by 
Proposition 14.201 but the same is apparently not true for the sum of entries 
in the aperiodic beginning. Indeed, it is straightforward to use Lemma [4.231 
and Corollary 14.241 to show that X^ ~fe X^/ if 

g(l3') = l3"(ll0010)°° or 
g(/3') = l3"+2(i0ll00)°° 

for some n G N. However, at this stage it is, for instance, still unclear 
whether ~fe X/j// when g{^") = l3"(101100)°°. 

Example 4.26. Consider /?o > 1 such that c/(/3o) = 11(0110010101)°°. By 
Lemma 14.231 X^^ ~fe Xjj- when 

g{/3Q) = 11(0110010101)°° 
g{f3i) = 1111(010101011)°° 
g{f32) = 11111(010101101)°° 
gi^s) = 111111(010110101)°° 
g(j3^) = 1111111(011010101)°° 
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This illustrates how the length and position of the individual blocks of Is 
in the period are important when using Lemma 14.231 and Corollary 14.241 
to construct concrete flow equivalences. This information is ignored by the 
Bowen-Franks groups of the underlying graphs of the standard covers which 
only keep track of the sum of the entries in the period, and later results will 
suggest that this additional structure is actually not preserved under flow 
equivalence (see Theorem I4.29p . 

Remark 4.27. Example 14.251 illustrates how the results of Lemma 14.231 
and Corollarv 14.241 can be used to reduce a beta-shift with g{f3) = WbW^ 
to a flow equivalent beta-shift X^/ where g{(3') = l""w'p' with n < \wb\, 
\wpi\ < Iwpl, and n < k when Ol'^O* is a suffix of Wp' for some i. Note that 
the number n will depend not only on the sums of the entries in Wj, and Wp, 
but also on the length of the blocks of Is in Wb- 

4.3.4 Flow equivalence of fiber products 

Let 1 < /3 < 2 with sofic X^, let n,p be minimal such that g{l3) = 
5i ■ ■ ■ gnidn+i • • • gn+p)°°, and let (Pg, be the fiber product cover of X^. 
The goal of this section is to study the flow class of the reducible edge shift 
Xp^ defined by the underlying graph. Let A'' = Y17=i 9i ^ ~ Z]?=i 9n+i- 
By Remark 14.271 it can be assumed that N < S without loss of generality. 

Let = {vi,... , Vn+p, ) • • • ) "^ra+pi "^^n+i ) ■ ■ ■ ; ^n+p} ^s in Figure 14.61 
Let e G P| with Cp{e) = and r(e) 7^ vi. Then there exists f € such 
that for A G Xp^, Aq = / if and only if Ai = e. Hence, all these edges can 
be removed using symbol contraction, and this leaves the edge shift of the 
graph shown in Figure HTl In this graph, the vertices vn and v^+s both 
emit one edge to vn+i and one edge to vi. Use in-amalgamation to merge 
these two vertices. This identifies the edges e and g and the edges / and 
h marked in Figure 14.71 The result is a graph of the same form, where the 
size of N is reduced by 1. Repeat this process times to show that Xp^ is 
flow equivalent to the graph in Figure 221 This leads to the following: 

Proposition 4.28. For i £ {1,2}, let > 1 with minimal ni,pi such that 

let Si = YliLi9ni+i, CLud let {Pp^,Cp^ ) he the fiber product cover of Xp^. 
Then there is a flow equivalence ^ : SXp^^ — )• SXp^^^ which commutes with 
the Z /2Z actions induced by the labels if and only if Si = 5*2 . 

Proof. If there is such a flow equivalence, then Theorem 12.81 shows that the 
Bowen-Franks groups of the edge shifts Xp^^ and Xp^^ must be equal, so 
= S2 by Proposition 14.201 Reversely, if = 52, then the preceding 
arguments prove that there is a flow equivalence SXp^^ — )• SXp^^. Fur- 
thermore, the Z/2Z actions on Xp^ induced by the labels are respected 
by the conjugacies and symbol reductions used in the construction, so $ 
commutes with the actions. □ 
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Figure 4.7: An unlabelled graph defining an edge shift flow equivalent to the 
edge shift of the underlying graph of the fiber product cover of a sofic beta- 
shift with minimal n,p such that g{l3) = gi ■ ■ ■ gn{gn+i ' ' ' 9n+p)^ ■ Here 
N = and S = Yli=i 9n+i- Every vertex emits precisely two edges; 

one of which terminates at vi . 




Figure 4.8: An unlabelled graph defining an edge shift flow equivalent to the 
edge shift of the underlying graph of the fiber product cover of a sofic beta- 
shift with minimal n,p such that g{P) = gi ■ ■ ■ gn{9n+i ' ' ' 9n+p)°° ■ Here 

S = Yl\=l9n+i- 
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The following theorem gives a complete classification of beta-shifts up 
to flow equivalence if Conjecture 14. 141 is true. 

Theorem 4.29. Let /3i,/32 > 1 such thatXi^^ andY^p^ are both SFTs or both 
strictly sofic. If Conjecture \4-14\ holds, then the following are equivalent 

2. Xp^ ^feXp^ when {Pi,Cp-) is the right fiber product cover ofXp. for 
iG{l,2}. 

3. Xp^ ^FE Xp^ when {Fi^Cp ) is the right Fischer cover ofXp. for i £ 
{1,2}. 

4- Si = S2 when Si = X^fcLi fl'n +fc f'^^ minimal ni,pi such that g{/3i) = 
g\---9U9n.+i---9'n,+pT fori e {1,2}. 

Proof. The right Fischer cover and the fiber product cover are flow invariant, 
so (1) implies (2) and (3) in general. Propositions 14. 18) and Hl20] show that 
(1) implies (4). By Propositions 14.151 and W?2U[ (4) implies (3), and by the 
proof of Proposition 14.281 (4) implies (2). If Conjecture 14.141 is true, then 
Proposition 14.281 also shows that (4) implies (1). □ 

4.4 Perspectives 

If Conjecture 14.141 is true, then Theorem 14.291 gives a very satisfying clas- 
sification of sofic beta-shifts in terms of a single integer which is easy to 
compute. A proof of the conjecture will rely on deep results in symbolic 
dynamics, and it has been beyond the scope of this work to attempt to 
prove it. If the conjecture is not true, then there is no obvious route to a 
flow classiflcation of soflc beta-shifts. The flow invariants considered here 
can naturally only distinguish beta-shifts with different values of the integer 
assumed to be a complete invariant, so it would be necessary to examine 
completely different invariants. It would, for instance, be natural to exam- 
ine the left Fischer covers of sofic beta-shifts as well, but as mentioned in 
Example 14. lUl it is generally hard to construct these. 

The following example illustrates how hard it is to work with flow equiv- 
alence of beta-shifts without the results of Conjecture 14.141 The results of 
Section 14.3.31 show that for every /3 > 1 there exists 1 < /3' < 2 such that 
Xy3 ~FE Xj3' and such that g{/3') has a special form. It is still unknown 
whether it is possible to do further reductions, and there is no known way 
to construct concrete flow equivalences in the cases where this is not made 
impossible by the known invariants. Without Conjecture 14.141 there is for 
example, no known way to determine whether the beta-shifts X^^ and 
with generating sequences 

5(/3i) = 1(110)°° and g((32) = 11(110)°° 

are fiow equivalent. It is worth noting the similarity with the problems 
encountered when attempting to classify gap-shifts in Section 12.41 
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5. FLOW EQUIVALENCE OF RENEWAL SYSTEMS 



A renewal system is a shift space consisting of the biinfinite sequences 
that can be obtained as free concatenations of words from some finite gen- 
erating list. This simple definition hides a surprisingly rich structure that 
is in many ways independent of the usual topological and dynamical struc- 
ture of the shift space. The present work was motivated by the following 
problem raised by Adler: Is every irreducible shift of finite type conjugate 
to a renewal system? Several attempts have been made to answer this 
question, and the conjugacy of certain special classes of renewal systems is 
well understood, but there only exist a few results concerning the general 
problem. 

The aim of this work has been to find the range of the Bowen-Franks 
invariant over the set of SFT renewal systems in order to answer the corre- 
sponding question for flow equivalence. The results are, however, incomplete 
and it is still unknown whether a large class of pairs of determinants and 
groups can be achieved. The most general result is obtained by combining 
a computation of the determinants of renewal systems in a class introduced 
by Hong and Shin |HS09b] with a concrete construction of certain non-cyclic 
Bowen-Franks groups. 

5.1 Background 

Let A be an alphabet, let L C A* be a finite list of words over A, and define 
B{L) to be the set of factors of L*. Then B{L) satisfies the conditions in 
Proposition ll.il so it is the language of a shift space X(L) which is said to 
be the renewal syste generated by L. L is said to be the generating list 
of X(L). 

Proposition 5.1. Every renewal system is an irreducible sofic shift. 

Proof. Let L = {wi, . . . jWn}, let {G,C) be the labelled graph obtained by 
writing the words wi, . . . ,Wn on loops starting and ending at a common 
vertex, and note that {G,C) is an irreducible presentation of X(L). □ 

The graph constructed in the proof is called the standard loop graph pre- 
sentation of X(L), and because of this presentation, renewal systems are 
called loop systems or flower automata in automata theory (e.g. |BP85] ). 
Renewal systems are also sometimes called finitely generated sofic systems 
(e.g. [Res90j). The even shift introduced in Example 1 1.41 is a renewal system 
generated by the list L = {00, 1}. In this case, the standard loop graph is 
equal to the left Fischer cover, but that is not true in general. 

5.1.1 Adler's problem 

As shown above, every renewal system is an irreducible sofic shift, and some 
of them are strictly sofic, but is every sofic shift ~ or every SFT - a renewal 
system? The following example shows that the answer is no. 



* Named by Adler for an analogy with renewal theory from probability theory. 
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Figure 5.1: A graph for which the edge shift is not a renewal system. 

Example 5.2 ([LM95' pp. 433]). Consider the edge shift X of the graph 
seen in Figure [STTl Assume that X is a renewal system, i.e. that there exists 
a finite list L over {a, b, c, d} such that X = X(L). Since a"", € 13{X) for 
all n G N, there must exist k, I such that a^, c' G L, but then ac G in 
contradiction with the presentation. This shows that not every irreducible 
SFT is a renewal system. Note, however, that X is conjugate to the full 
2-shift which is a renewal system. 

Examples such as this naturally raise the following question: 

Problem 5.3 (Adler). Is every irreducible shift of finite type conjugate to 
a renewal system? 

A positive solution to this problem would reduce the conjugacy problem for 
irreducible shifts of finite type to a question of conjugacies of SFT renewal 
systems, and Adler's aim |GLS9H IRes90j was to use this approach to attack 
the shift equivalence problem which was arguably the most important open 
problem in symbolic dynamics at the time (see Section [1.2p . This intended 
application is no longer as relevant because different means have long since 
been used to prove that shift equivalence and strong shift equivalence are 
indeed different equivalence relations [KR921 IKR99j . and because it has 
turned out that it is not particularly easy to determine whether two renewal 
systems are conjugate (see [Res92j for a result about this question in a 
special case). However, Adler's problem remains open, and it is arguably 
the most important question concerning renewal systems. Indeed, most of 
the work done on renewal systems has been motivated by a desire to answer 
Adler's question j GLS91l IHS09al IHS09bl [JM021 IRes90l IRes92l IWil90| . 

As mentioned above, there exist strictly sofic renewal systems, and the 
following example answers a natural variation of Adler's question by showing 
that there exists a strictly sofic shift which is not conjugate to a renewal 
system. 

Example 5.4 (Williams |Wil90| ) . Let X be the strictly sofic shift presented 
by the labelled graph in Figure 15.21 Assume that there exists a renewal 
system X(L) over some alphabet A and a conjugacy ip: X ^ X(L). Assume 
without loss of generality that ip = for a map B2n+i{X) A 

and that (^~^ = ^[^^j for a map "f: ;B2n+i(X(L)) — )• {a,6, c}. The image 
of the fixpoint a°° G X is a fixpoint in X(L), so there exists a G A such 
that <I>(a2"+^) = a, and m G N such that a"^ G L. For each < j < 2n, 
let /3j = $(a^'6a2"-J). Then <f{a'^ba°°) = ■ ■ ■ P2na°° , so there must 



72 



5. FLOW EQUIVALENCE OF RENEWAL SYSTEMS 




P a 



Figure 5.2: Presentation of a sofic shift not conjugate to a renewal system. 



Renewal 
systems 




SFTs 



Figure 5.3: Flow equivalence problem for renewal systems. X is an irre- 
ducible SFT flow equivalent to an SFT renewal system X(L). The dashed 
line signifies the possible border between the SFTs that are flow equivalent 
to renewal systems and those that are not. 



exist A;, Z S N such that fi^ ■ ■ ■ (32nCt^ £ L* and k + I > 2n. Let x 



a°°/3o • • • /32na^+'/3o • • • /32na°° G X(L). Then 
contradiction with the definition of X. 



j00 5^fc+/+4n5^oo 



m 



The aim of the present work has been to answer another natural variation 
of Adler's question: Is every SFT flow equivalent to a renewal system? This 
question has apparently not been investigated before now. It is appealing 
to consider flow equivalence because Theorem 12.81 gives a complete flow 
classification of irreducible SFTs in terms of the Bowen-Franks invariant 
which is both easy to compute and easy to compare. To answer the flow 
equivalence question, it is therefore sufficient to find the range of the Bowen- 
Franks invariant over the set of SFT renewal systems and check whether it 
is equal to the range over the set of irreducible SFTs. It is easy to check that 
a group G is the Bowen-Franks group of an irreducible SFT if and only if it 
is a finitely generated abelian group and that any combination of sign and 
Bowen-Franks group can be achieved by the Bowen-Franks invariant. Hence, 
the overall strategy of the investigation of the fiow equivalence question has 
been to attempt to construct all these combinations of groups and signs. 
However, it has turned out to be surprisingly hard to construct renewal 
systems with non-cyclic Bowen-Franks groups and/or positive determinants, 
so there are only partial results so far. The fiow equivalence problem for 
renewal systems is sketched in Figure [5^31 

Since fiow equivalence is a weaker equivalence relation than conjugacy, 
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a negative answer to the flow equivalence question will also give a negative 
answer to Adler's original question, while a positive answer will leave the 
original question open. Either way, the investigation can be expected to 
yield insight into the original question as well. 

A part of the investigation of the flow equivalence problem for renewal 
systems has been experimental, and the Bowen-Franks invariant has been 
computed for a large number SFT renewal systems. See Appendix |X] for a 
description of these experiments. It turns out to be difficult to find renewal 
systems that are not flow equivalent to full shifts in this way, but the process 
has generated valuable insight and some of the main results of this chapter 
grew out of the experimental investigation. 

5.1.2 Properties of generating lists 

Renewal systems have been studied intensely - both in symbolic dynamics 
and in coding theory - so there exists a well developed nomenclature, and 
several special cases have been studied in detail. This section introduces 
standard notation and recalls known relations between various standard 
classes of renewal systems. 

Definition 5.5. A finite list L C A* is said to be 
simple if no non-trivial concatenation of words from L is an element of L. 

minimal if it is simple and there is no simple list L ^ L such that X(L) = 
X(L) and L C L*. 

prefix if no word i« G L is a prefix of a word v G L \ {w}. 

suffix if no word w G L is a suffix of a word v £ L \ {w}. 

uniquely decipherable ii vi, . . . ,Vk,wi, . . . ,wi € L and vi - ■ -Vk = wi ■ ■ ■ wi 
implies that k = I and Wi = Vi for all 1 < i < k. 

cyclic if, whenever p,s G A*, vq, . . . ,Vk,wi, . . . ,wi,ps £ L, s e, and 
^0 ■ ■ ■ ^A; = •5^1 • • • wip, then k = I, s = vq, p = e, and Wi = Vi for all 
l<i<k. 

pure if w £ L* whenever there exists n G N such that G L* . 

very pure ii u,v G L* whenever there exists uv, vu £ L*. 

In coding theory, a uniquely decipherable generating list is called a code, 
and most of the terminology introduced above comes from coding theory 
(cf. |BP85j ). If a generating list L is prefix, suffix, or cyclic, then it is 
automatically uniquely decipherable. The list {a, abc, c} is minimal and 
uniquely decipherable but neither prefix nor suffix, and the list {aba, bab} 
is uniquely decipherable but not cyclic, so the reverse is not true. 

Restivo |Res90j proved that the language of an irreducible sofic shift 
has a finite number of maximal monoids, and Hong and Shin [H S09a] have 
used this to prove that every renewal system has a finite number of minimal 
generating lists. 
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5.1.3 Irreducible generating lists 

The results of this section wih reduce the flow classification problem by 
proving that it is sufficient to consider generating lists which have been 
reduced using symbol contractions and conjugacies. This was useful in the 
experimental approach described in Appendix|A] since it allowed generating 
lists to be reduced to a simpler form before they were investigated. First, 
it is necessary to introduce some more terminology. 

Definition 5.6. Let L be a generating list. A triple (n^, g, I) where n^, I S N 
and g is an ordered list of words gi, . . . , gk € L with X^iLilffil > n-b + l — I is 
said to be a partitioning of the factor v^nh,nt+i-i] ^ ^O^i^)) of v = gi • • • g^- 
The beginning of the partitioning is the word and the end is the 

word f[nft+i,|t)|]- The partitioning is said to be minimal if rih < \gi\ and 
Uh + I — 1 > Isil- A partitioning of a right-ray € X(L)^ is a pair 

p = (nft, (gj)jgN) where E N and gi £ L such that wx^ = gig2 ■ ■ ■ when 
w is the beginning consisting of the rif, — 1 first letters of the concatenation 
9x92 ■ ■ ■ • The partitioning is said to be minimal if < \gi\. Partitionings 
of left-rays are defined analogously. 

Consider the generating list L = {aa, 6}. Here (2, [aa, 6], 2) is a minimal 
partitioning of the word ab. The beginning is the word a and the end is the 
empty word. Clearly, (4, [aa, aa, 6],2) is a non-minimal partitioning of the 
same word. 

Definition 5.7. Let L C ^* be a finite list, and let w G B{X{L)) U X(L)+ 
be an allowed word or right-ray. Then w is said to be left-bordering if there 
exists a partitioning of w with empty beginning, and strongly left-bordering 
if every partitioning of w has empty beginning. Right-bordering words and 
left-rays are defined analogously. A word w G B{X{L)) is said to be internal 
if the list g has only one element whenever (n^, g, I) is a minimal partitioning 
of w. A generating list L is said to be irreducible if it is simple and every 
internal word has length 1. 

For L = {aa, b}, the word b is internal, while aa and ab are not. 

Lemma 5.8. Let L C A* be a finite list of words, and let w be an internal 
word for L for which X(L) does not admit non-trivial w-overlaps (i.e. there 
is no V G B{X{L)) with \w\ < \v\ < 2\w\ such that w is both a prefix and a 
suffix ofv). Then X(L) ^fe X(M), where M is the list obtained by replacing 
every occurrence of vu in L by some (} ^ A. 

Proof. Apply Lemma 12.231 to X(L) to replace each occurrence of by <[) 
and create the shift space X(L)"'~*'^ ~fe Since w can only be read 

inside the generating words, X{L)^^^ = X(M). □ 

This result makes it non-trivial to construct a list L for which X(L) is an 
SFT not flow equivalent to the full {!,..., |L|}-shift. 

Proposition 5.9. For every L C A* there exists an irreducible generating 
list M such that X(L) ^fe 

X(M). 
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Proof. Assume without loss of generality that L is simple. The lengths of 
internal words of L are bounded above by maxt;gi|t;|, so let w £ B{X{L)) 
be an internal word of maximal length, and assume that {wl > 2. If X(L) 
admits a non-trivial w-overlap w, then w must also be internal and \w\ > \w\ 
in contradiction with the assumption on w. Apply Lemma 15.81 to L and w 
to produce a list M for which the number of internal words of length |tt;| is 
strictly less than the number of internal words of length \w\ in L, and for 
which X(L) ~FE X(M). M inherits the simplicity of L. Repeat this process 
until the longest internal word has length 1. □ 

In this way, the study of flow equivalence of renewal systems can be reduced 
to the study of renewal systems generated by irreducible lists. 

Proposition 5.10. Let L C A* be finite and irreducible. 

1. For each a £ A{X{L)), there exist u,v £ L such that a = rl(u) = ll{v). 

2. B2(,X{L))=A{X{L)f. 

3. IfX{L) is a 1-step shift of finite type, then it is the full A{X{L))- shift. 

Proof. For a G A{X{L)) there must exist letters 6, c G ^(X(L)) such that 
ab,ca E B{X). By assumption, neither of these words are internal, so 
there must exist u,v G L such that a = il{u) = ll{v). The two remaining 
statements follow easily from this. □ 

5.1.4 Conjugacy and flow equivalence of renewal systems 

In the following, some of the most important results about the conjugacy 
of renewal systems are recalled and used to derive simple consequences for 
the flow equivalence of special classes of renewal systems. 

Theorem 5.11 (Beal and Perrin |BP86] ). Let L C A* be uniquely deci- 
pherable, and let {G, C) be the standard loop graph presentation of X{L) . 
Then L is cyclic if and only if Coo ■ Xq — X(L) is a conjugacy. 

Theorem 15.111 can be used to prove that every cyclic generating list is also 
pure. The list {a, ab, be, c} is pure but not uniquely decipherable, and hence 
not cyclic, so the reverse is not true. 

Corollary 5.12. If L is cyclic, then X(L) is flow equivalent to a full shift. 

Proof. Use Theorem 15. Ill to see that X(L) is conjugate to the edge shift of 
the underlying graph of the standard loop graph presentation of X(L), and 
note that this edge shift can be symbol-reduced to the full |L|-shift. □ 

The following two results show that various nicely behaved generating 
lists are automatically cyclic if they generate SFT renewal systems. 

Proposition 5.13 (Hong and Shin [H S09al Proposition 3.2]). Let L be a 

minimal and uniquely decipherable generating list for which X(L) is an SFT, 
then L is cyclic. 
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Theorem 5.14 (Hong and Shin [ HSOQaj Theorem 3.9]). Let L be a simple 
generating list that is either prefix or suffix for which X(L) is an SFT, then 
the following are equivalent: 

• L is cyclic. 

• L is pure. 

• L is minimal. 

Remark 5.15. Coroharv 15.121 Proposition 15.131 and Theorem 15.141 show 
that many of the nicely behaved classes of generating lists considered above 
always generate renewal systems flow equivalent to full shifts. Hence, it 
is necessary to go beyond these classes in order to find non-trivial results 
about the range of the Bowen-Franks invariant. 

In an investigation of Adler's original question, it is natural to attempt 
to compute the ranges of conjugacy invariants over the set of SFT renewal 
systems. If such a range can be proved to be different from the range over 
the set of irreducible SFTs, then this will provide a negative answer to the 
question. The following theorem was the first major result of this kind. 

Theorem 5.16 (Goldberger, Lind, and Smorodinsky |GLS91) ). If X is an 

irreducible SFT, then there exists a renewal system with entropy h(X). 

Hong and Shin |HS09b| improved this result by showing that whenever log A 
is the entropy of an irreducible SFT, there exists an SFT renewal system 
with entropy log A. This shows that the range of the entropy invariant over 
the class of renewal systems cannot be used to answer Adler's question, and 
it is arguably the most powerful general result obtained in the search for an 
answer to Adler's question. The class H of generating lists introduced in 
|HS09bj will be examined in greater detail in Section 15.31 where the range 
of the Bowen-Franks invariant over H will be computed. 

5.1.5 When is a renewal system of finite type? 

In order to attempt to answer Adler's question by computing the range 
of invariants over the set of SFT renewal systems, it is desirable to have 
conditions on L which are necessary and sufficient for X(L) to be an SFT. 

Example 5.17. Consider the lists Li = {aa,b} and L2 = {ab,ba}. Li 
generates the even shift which is strictly sofic, and L2 generates a re- 
newal system which is strictly sofic for a similar reason: For each n E N, 
66(a6)", (a6)"6 G B{X{L2)) but 66(a6)"6 ^ i3(X(L2)). This kind of behaviour 
is often seen in strictly sofic renewal systems. However, a list will not neces- 
sarily generate a strictly sofic shift simply because it contains a word such as 
aa or a pair of words such as ab and ba. Indeed, if suitable words are added 
to the lists considered above, then the resulting generating lists will gener- 
ate shifts of finite type. This is, for instance, the case for L'^ = {aa, aaa, b} 
and L2 = {ab, aba, ba, bab}. 
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In general, it is non-trivial to determine whether a list generates an 
SFT, but there are results in certain special cases, e.g. for the class of cyclic 
renewal systems where the following corollary is a consequence of Theorem 

Em 

Corollary 5.18. If L C A* is cyclic, then X(L) is an SFT. 

Consider the list L = {aa, aaa, b} to see that the reverse is not true in 
general. However, a partial reverse is given by Proposition 15.131 

Theorem 5.19 (Restivo [Res74 ]). A renewal system generated by a very 
pure list is an SFT. 

Let L be a generating list, and let (G, Cq) be the standard loop graph 
of X(L). By using the subset construction, it is possible to construct a left- 
resolving presentation of X(L) based on (G,Cg) (see e.g. [LM95. Theorem 
3.3.2]). Once a left-resolving presentation is known, another algorithm can 
be used to construct the left Fischer cover ( [LM95t Theorem 3.4.14]). How- 
ever, the graph constructed by the subset construction has 2'^° — 1 vertices, 
and even for moderately sized generating lists, it can take a long time to 
find the left Fischer cover using these algorithms. 

Let {F,C) be the left Fischer cover of X(L). For w G B{X{L)), \s{w)\ = 1 
if and only if w is intrinsically synchronizing, so in order to prove that X(L) 
is an n-step SFT, it is sufficient to prove that \s{w)\ = 1 for all w G Bn{X). 
If X(L) is an SFT and \F^\ = r, then X(L) is (r^ — r)-step, so only finitely 
many words have to be examined |LM951 Theorem 3.4.17]. Hence, there is 
an algorithm for checking whether X(L) is an SFT. However, it is generally 
difficult, to check whether a concrete list generates an SFT unless it belongs 
to one of the well understood classes considered above. 

The following result shows that the reverse problem also has a construc- 
tive answer: 

Theorem 5.20 (Restivo |Res90| ). // X is an SFT, then it is decidable 
whether X is a renewal system. 

As mentioned in Remark 15.151 the most well understood classes of gen- 
erating lists are uninteresting when considering the flow equivalence of SFT 
renewal systems, so the next goal is to develop a new set of conditions which 
will guarantee that a list generates an n-step SFT based only on the knowl- 
edge of the partitionings of the allowed words of length less than or equal 
to n. 

Definition 5.21. A word w £ ;S„(X(L)) is said to be strongly synchroniz- 
ing if there exists a prefix v of w such that whenever (rif,, [gi,. ■ . gk],n) is 
partitioning of w, there exists 1 < j < k such that {nj,, [gi, . . . gj], \v\) is a 
partitioning of v with empty end. 

I.e. w is strongly synchronizing if every partitioning of w has a border be- 
tween two generating words at a specific place in w. By definition, a strongly 
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synchronizing word w is intrinsically synchronizing, and ii u € B{X{L)) con- 
tains a strongly synchronizing factor w, then u is also strongly synchroniz- 
ing. Hence, if every w G ;S„(X(L)) is strongly synchronizing, then X(L) is 
an n-step SFT by Theorem 11.31 This is precisely the kind of result that is 
sought, but it is desirable to have a less restrictive condition, and this leads 
to the following definition. 

Definition 5.22. A partitioning p of a word w E B{X(L)) is said to be left- 
extendable if whenever a G A and aw S B{X{L)) there exists a partitioning q 
of aw with the same end as p. A word w is said to be left- extendable if every 
minimal partitioning of w is left-extendable. Right extendable partitionings 
and words are defined analogously. 

It is easy to check that a strongly synchronizing word is automatically both 
left- and right-extendable 

Proposition 5.23. // the words in BniX{L)) are all left- extendable or all 
right- extendable, then X(L) is an n-step SFT. 

Proof. Assume that all words of length n are left-extendable, and con- 
sider w G B{X{L)) with \w\ > n, a e A, and v G B{X{L)) such that 
aw,wv S B{X{L)). Let p = {uh, [gi, ■ ■ ■ ,gk], \wv\) be a minimal partitioning 
of wv. Choose 1 < j < k such that p' = {ub, [gi, - ■ ■ ,gj],n) is a minimal 
partitioning of the word w' = w^i^^]- By assumption, w' is left-extendable 
and aw' £ B{X{L)), so there exists a partitioning q = {mi,., [/ii, • • • , /i;], n+1) 
of at(;' with the same end as p'. Now (m{,, [/ii, • • • , /i/, (^j+i, • • • , ^(a:], l^i'i^l + 1) 
is a partitioning of awv. Apply this argument repeatedly to see that uwv £ 
B{X{L)) for any u G B{X{L)) for which uw G B{X{L)). By Theorem fOl 
this implies that X(L) is an n-step SFT. By symmetry, an analogous result 
holds for right-extendable words. □ 

Appendix|A] describes how Proposition 15 . 23) can be used to write a computer 
program that finds renewal systems of finite type. 

The condition from Proposition 15.231 is generally not necessary for a 
renewal system to be an SFT, but the following proposition gives a class of 
renewal systems where it is. 

Proposition 5.24. // L has a strongly left-bordering (respectively right- 
bordering) word then X(L) is an n-step SFT if and only if all allowed words 
of length n are left- extendable (respectively right- extendable). 

Proof. One direction was proved in Proposition 15.231 Assume that v £ L* 
is strongly left-bordering and that w G Bn(X{L)) is not left-extendable. 
Choose a G A and a partitioning p oi w such that aw £ B{X{L)) but no 
partitioning q of aw has the same end as p. Let We be the end of p. Then 
awWeV is forbidden while both aw and wWeV are allowed. The result follows 
by Theorem 11.31 an analogous result holds for right-extendable words 
by symmetry. □ 
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Many interesting renewal systems have strongly bordering words (e.g. the 
renewal systems considered in jHSOQbj ). and Proposition 15.241 gives a way 
to determine precisely when these are SFTs. 

5.2 The left Fischer cover 

In the attempt to find the range of the Bowen-Pranks invariant over the 
set of SFT renewal systems, it is useful to be able to construct complicated 
renewal systems from simpler building blocks, but in general, it is non-trivial 
to study the structure of the renewal system X(Li U L2) even if the renewal 
systems X(Li) and X(L2) are well understood. Hence, the goal of this section 
is to describe the structure of the left Fischer covers of renewal systems in 
order to give conditions under which the Fischer cover of X(Li U L2) can be 
constructed when the Fischer covers of X(Li) and X(L2) are known. 

5.2.1 Vertices of the left Fischer cover 

As mentioned in Section 15.1.51 the subset construction can be used to con- 
struct the left Fischer cover of a renewal system from the standard loop 
graph. This section deals with a related way of using the generating list 
to construct the vertices of the left Fischer cover. In the following, the left 
Fischer cover will be identified with the top irreducible component of the 
left Krieger cover via the correspondence described in Section 11.3.31 This 
allows predecessor sets to be used as the vertices of the left Fischer cover. 
Let L be a generating list and define 

Po{L) = {... w^2W^iWo \wi£L} <Z X{L)-. 

Po{L) is the predecessor set of the central vertex in the standard loop graph 
of X(L), but it is not necessarily the predecessor set of a right-ray in X(L)+, 
so it does not necessarily correspond to a vertex in the left Fischer cover of 
X(L). 

If p £ B{X{L)) is a prefix of some word in L, define 

Pq{L)p = {... W-2W-1W0P \wi e L} <Z X(L)". 

Given a word w G B{X{L)), let B{w) be the set of beginnings of partitionings 
oiw. Then Poo{w) = UfeG-B(to) ^oi^)^- This makes it relatively simple to find 
the predecessor sets of words and right-rays in X(L) if all the partitionings 
are known, so this representation is useful for constructing the left Fischer 
covers of renewal systems, and it will be used several times in the following. 

5.2.2 Border points 

Two lists may generate the same renewal system even though they have very 
different behaviour when it comes to the partitionings of allowed words, and 
the fact that the topological and symbolic dynamical structure of a renewal 
system does not mirror the behaviour of the partitionings is one of the 
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reasons why renewal systems are hard to examine as shift spaces. The 
following definition adds a layer of information to the left Fischer cover of 
a renewal system in order to keep track of this extra structure. 

Definition 5.25. Let L C ^* be finite, and let {F,Cf) be the left Fischer 
cover of X(L). A vertex P ^ is said to be a (universal) border point for L 
if there exists a (strongly) left-bordering x+ G X+ such that P = Poo{x'^). 
An intrinsically synchronizing word w G L* is said to be a generator of the 
border point Poo{w) = Poo{w°°), and it is said to be a minimal generator 
of P if no prefix of is a generator of P. 

Two lists generating the same shift space may have different border 
points, so the border points add information to the Fischer cover about 
the structure of the generating lists, and this information will be useful for 
studying X(LiUL2) when the Fischer covers of X(Li) and X(L2) are known. 
If P is a (universal) border point of L and there is no ambiguity about which 
list is generating X = X(L), then the terminology will be abused slightly 
by saying that P is a (universal) border point of X or simply of the left 
Fischer cover. The following lemma lists a number of simple properties of 
border points that will be useful in the following. 

Lemma 5.26. Let L be a finite list generating a renewal system with left 
Fischer cover {F,jCf)- 

1. If P E F^ is a border point, then Po{L) C P, and if P is a universal 
border point, then P = Po{L). 

2. If Pi,P2 G F^ are border points and if wi ^ L* is a generator of Pi, 
then there exists a path with label wi from Pi to P2 ■ 

3. If Pi & F^ is a border point and w & L*, then there exists a unique 
border point P2 G F^ with a path labelled w from P2 to Pi . 

4- IfX{L) is an SFT, then every border point of L has a generator. 

5. If L has a strongly right-bordering word w, then x'^ G X(L)'^ is left- 
bordering if and only if Poo{x~^) is a border point. 

Proof. 

1. Choose a left-bordering x~^ G X(L)"'" such that P = Poo{x~^) and note 
that e X(L) for each y~ G PoiL). 

2. Choose a left-bordering x"*" G X{L)~^ such that P2 = Poo{x~^). Then 
Poo{wix~^) = Pi since wix~^ G X(L)"'" and wi is intrinsically synchro- 
nizing, so there is a path labelled wi from Pi to P2. 

3. Choose a left-bordering x~^ G X(L)+ such that P = Pcx,{x~^). Since 
w e L*, the right-ray wx'^ is also left-bordering. 
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4. Let P 

— Poo{x~'^) for some left-bordering G X(L)~'~, and choose 
an intrinsically synchronizing prefix w £ L* of x^. Then Poo{x~^) = 
Poo{w), so w is a generator of P. 

5. If ^00(2;"*^) is a border point, then wx^ G X(L)+, so x^ must be left- 
bordering. The other implication holds by definition. 

□ 

In particular, the universal border point is unique when it exists, but not 
every generating list has a universal border point. A predecessor set Poo{x~^) 
can be a border point even though x"*" is not left-bordering (consider e.g. 
the right-ray {aaaab)°^ in the shift from Example 15. 38|) . 




Figure 5.4: Left Fischer cover of the SFT renewal system X(L) generated 
by L = {aa, aaa, b} which is discussed in Example 15.271 The border points 
are coloured grey. 

Example 5.27. Consider the list L = {aa, aaa, b} and the renewal system 
X(L). The set of forbidden words is = {bab}, so this is an SFT. The 
left Fischer cover of X(L) is shown in Figure 15.41 Note that the word b is 
a generator of the universal border point Pq = Poo{b). Similarly, both aab 
and aa are generators of the border point Pi. On the other hand, every 
path terminating at P2 has a as a suffix, so Pq is not a subset of P2, and 
therefore P2 is not a border point. Note the paths labelled b from Pq to Pi 
and Pq, and the paths labelled aab from Pi to Pq and Pi. 

Lemma 5.28. Let L be a finite list generating an SFT renewal system 
with left Fischer cover {F,Cf), and /et 7 = 71 • • • 7/ be a circuit in F with 
Cf{X) = ai ■ ■ ■ ai = w. Then there exist I < i < I and k £ 'N such that s(7j) 
is a border point generated by w' = a^ - ■ ■ aiw^ai ■ ■ ■ aj_i. 

Proof. Since w'^ S X(L), there must exist I < i < I and j G Nq such 
that w' = ai ■ ■ ■ aiw^ ai ■ ■ ■ ai^i G L* is intrinsically synchronizing. Now 
s{Xi) = Poo{w') is a border point. □ 

Lemma l5.26l |2]) and Lemma 15.281 force the left Fischer cover of an SFT 
renewal system to have certain paths connecting the circuits. This is for- 
malised in the following. 

Definition 5.29. A predecessor-separated, left-resolving, and irreducible 
labelled graph {G, C) is said to be circuit connected if there exist vertices 
Pi, . . . , Pn £ such that when 7 is a circuit in G, there exist 
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Figure 5.5: A directed graph presenting the edge shift discussed in Example 
15.311 There is no way to label this graph to produce the left Fischer cover 
of an SFT renewal system. 

• 1 <i <n and 1 < / < |7| such that Pi = 5(7;), and 

• an intrinsically synchronizing power w of £(7; . . . 7|^|7i . . . 7^-1) for 
which there is a path labelled w from Pi to Pj for each 1 < j < n. 

An unlabelled graph G is said to be circuit connected if there exists a la- 
belling £ such that {G, £) is circuit connected. An edge shift is said to be 
circuit connected if the corresponding graph is circuit connected. 

The following proposition generalises Example l5.2l bv showing that there 
is a class of irreducible SFTs that are not renewal systems. 

Proposition 5.30. If (F,Cf) is the left Fischer cover of an SFT renewal 
system, then it is circuit connected. 

Proof. This follows from Lemmas I5.26l |2]l and 15.281 □ 

Example 5.31. Consider the edge shift X presented by the graph in Figure 
15.51 There are two loops at each vertex, but only one edge between them in 
each direction, so the graph is not circuit connected, and hence, there is no 
way to label it to produce the left Fischer cover of an SFT renewal system. 
It is, however, unknown whether X is conjugate to a circuit connected edge 
shift. In this context, it is worth noting that the database |Jenj contains no 
circuit connected SFT conjugate to X. The Bowen-Franks group of X is Z, 
and this value of the complete invariant of flow equivalence of irreducible 
SFTs can also be achieved by a renewal system (see Theorem [53TJ , so it is 
easy to check that X is flow equivalent to a renewal system. 

Remark 5.32. The strict structure enforced on the left Fischer cover of an 
SFT renewal system by Proposition 15.301 may make it difficult for certain 
SFTs (like the one in Example I5.3ip to be conjugate to a renewal system, 
but it has not been possible to use this property to answer Adler's question 
since the structure is not preserved under conjugacy. 

5.2.3 Addition 

Consider two renewal systems X(Li) and X(L2)- The sum X(Li) +X(L2) is 
the renewal system X(Li U L2). Note that this is generally not the same as 
the union of the shift spaces X(Li) and X(L2)- 
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It is easy to check that the left Fischer cover of X(Li U L2) will contain 
the left Fischer covers of X(Li) and X(L2) as subgraphs. However, the left 
Fischer cover of the sum may also contain vertices without analogues in 
the individual parts, and there will always be a number of connecting edges 
between the two subgraphs corresponding to the left Fischer covers of X(Li) 
and X(L2). Generally, this makes it difficult to study the Fischer covers of 
such sums even if the Fischer covers of the parts are known. The goal of 
this section is to develop a condition under which it is easier to keep track 
of the connecting edges. 

Definition 5.33. Let L be a generating list with universal border point Pq 
and let {F,Cf) be the left Fischer cover of X(L). L is said to be left-modular 
if for all X £ F* with r(A) = Pq, J~.f{X) G L* if and only if s(A) is a border 
point. Right-modular generating lists are defined analogously. 

Note that one of these implications follows from Lemma [5.26l| 3|). When L is 
left-modular and there is no doubt about which generating list is used, the 
renewal system X(L) will also be said to be left-modular. Modular renewal 
systems are useful building blocks and will be used in several constructions 
in the following. 

Lemma 5.34. If L is a generating list with a strongly left-bordering word 
wi and a strongly right- bordering word Wr, then it is both left- and right- 
modular. 

Proof. Let {F,Cf) be the left Fischer cover of X(L), let P £ F^ he a border 
point, and choose G X(L)"'" such that wix'^ £ X{L)~^ . Assume that there 
is a path from P to Po{L) = Poo(wix~^) with label w. The word Wr has a 
partitioning with empty end, so there is a path labelled Wr terminating at 
P. It follows that WrWWix~^ G X(L)"'", so w £ L* . By symmetry, L is also 
right-modular. □ 

Consider L = {abb, abbb, bb, bbb} to see that not every left-modular renewal 
system has a strongly right-bordering word. In general, it is difficult to prove 
that a renewal system is left-modular, so it is useful to have the stronger 
condition from Lemma l5.34i 

Now it is possible to show how to find the left Fischer cover of a sum of 
two modular renewal systems when the left Fischer covers of the individual 
terms are known. For i G {1,2}, let L, be a left-modular generating list 
and let Xi = X{Li) have alphabet Ai and left Fischer cover {Fi,Ci). Let 
Pi G Ff be the universal border point of Lj. Assume that ^1 n ^2 = 0- 

The idea is to consider the labelled graph (F+,£_|_) obtained by taking 
the union of and {F2,C2), identifying the two universal border 

points Pi and P2, and adding certain connecting edges. To do this formally, 
introduce a new vertex Pj^ and define 

fO = KuF2°U{P+})\{Pi,P2}. 

Define maps fi : Ff — )■ such that for v £ F^\ {Pi}, fi{v) is the vertex in 
F^ corresponding to v and such that fi{Pi) = P+. For each e G F/, define an 
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Figure 5.6: The labelled graph {Fj^,Cj^) constructed from the left Fischer 
covers of left-modular renewal systems X(Li) and X(L2). In the 
vertex v emits an edge labelled a to -Pi, so in (F+,£+), the corresponding 
vertex emits edges labelled a to P+ and to every vertex corresponding to a 
border point P G • 

edge e' G F\ such that s(e') = fi{s{e)), r(e') = fi{r{e)), and >C+(e') = £i(e). 
For each e £ with r(e) = Pi and each non- universal border point P £ F2, 
draw an additional edge e' G F| with s(e') = /i(s(e)), r(e') = /2(P), and 
£4.(6') = £i(e). Draw analogous edges for each e G with r(e) = P2 and 
every non-universal border point P £ F^. This construction is illustrated 
in Figure \5M 

Proposition 5.35. // Li and L2 are left-modular generating lists with 
disjoint alphabets, then Li U L2 is left-modular, the left Fischer cover of 
X{LiU L2) is the graph {F^,C^) constructed above, and the vertex P-^ G F^ 
is the universal border point of Li U L2. 

Proof. By construction, the labelled graph (P+,£_|_) is irreducible, left- 
resolving, and predecessor-separated, so by Theorem II ■29t it is the left Fis- 
cher cover of some sofic shift X^. Given w G L^, there is a path with label 
w in the left Fischer cover of Xi from some border point P G P^' to the 
universal border point Pi by Lemma l5.26l |3]). Hence, there is also a path 
labelled w in (P+, £+) from the vertex corresponding to P to the vertex P+. 
This means that for every border point Q G P2, (P+,£+) contains a path 
labelled w from the vertex corresponding to P to the vertex corresponding 
to Q. By symmetry, it follows that every element of {Lx U Ly)* has a pre- 
sentation in (P+,£_|_). Hence, X(LiU-L2) C X^. Note that these arguments 
hold even for non-modular systems. 

Assume that awb G 13{X^) with a, 6 G ^1 and w G Then there 
must be a path labelled w in (P+,£+) from a vertex corresponding to a 
border point P of L2 to P+. By construction, this is only possible if there 
is also a path labelled w from P to P2 in (P2,£2)! but L2 is left-modular, 
so this means that w G p2- -^y symmetry, X(Li U P2) = X^, and P+ is the 
universal border point by construction. □ 

5.2.4 Fragmentation 

Let X be a shift space over the alphabet A. Given a € A, k £ N, and new 
symbols ai, . . . , ^ A consider the map fa,k ■ {A \ {a}) U {ai, . . . , Ofc} — >• A 
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defined by fa,k{0'i) = o for each \ < i < k and fa,k{b) = b when b G A \ {a}. 
Let Fa^k ■ ((-^ \ {a}) U {ai, . . . , a^})* — )• ^* be the natural extension of fa,k- 
If w E A* contains / copies of the symbol a, then the preimage Fald'^}) 
is the set consisting of the /c' words that can be obtained by replacing the 
as by the symbols oi, . . . , a^. 

Definition 5.36. Let X = Xjr be a shift space over the alphabet A, let 
a G A, let ai, . . . ,ak ^ A, and let Fa^k be defined as above. Then the shift 
space Xa^k = ^F-ifj") ^^^'^ shift obtained from X by fragmenting 

a into ai, . . . , Ofc. 

Note that Xa^k is an SFT if and only if X is an SFT, and that B{Xa^k) = 
F~^{]3{X)). If X is an irreducible sofic shift, then the left and right Fischer 
and Krieger covers of Xa.k are obtained by replacing each edge labelled a 
in the corresponding cover of X by /c edges labelled oi, . . . , a^. Note that 
X and Xa^k are not generally conjugate or even flow equivalent: The full 
n-shift is, for instance, a fragmentation of the trivial shift with one element. 
If X = X(L) is a renewal system, then X^ ]^ is the renewal system generated 
bythelistL„,fc = F-^i(L). 

Remark 5.37. Fragmentation is useful for constructing new renewal sys- 
tems from known systems. Let A be the symbolic adjacency matrix of the 
left Fischer cover of an SFT renewal system X(L) with alphabet A. Given 
a G A and A: G N, define / : ^ N by /(a) = k and f{b) = 1 for 6 / a. 
Extend / to the set of finite formal sums over A in the natural way and 
consider the integer matrix f{A). Then f{A) is the adjacency matrix of the 
underlying graph of the left Fischer cover of X(La^fc). This construction will 
be very useful for constructing renewal systems with specific Bowen-Franks 
groups and determinants in the following. For lists over disjoint alphabets, 
it follows immediately from the definitions that fragmentation and addition 
commute. 

5.2.5 Exotic determinants 

An SFT is flow equivalent to a non-trivial full shift if and only if the Bowen- 
Franks group is cyclic and the determinant is negative. All the SFT renewal 
systems considered so far have been flow equivalent to full shifts. This is 
partially explained by the observation following Lemma 15.81 and Remark 
15.151 which show that a generating list must be quite complicated in order 
to generate an SFT that is not flow equivalent to a full shift, but even 
outside these classes, it is difficult to find such renewal systems. 

Appendix |A] describes an experimental method used to randomly gen- 
erate and investigate SFT renewal systems, but even when considering only 
non-trivial irreducible lists it was surprisingly hard to find SFT renewal sys- 
tems with positive determinants and/or non-cyclic Bowen-Franks groups. In 
fact, a lengthy search only revealed three such renewal systems ~ all of which 
had cyclic Bowen-Franks groups and positive determinants. These examples 
will be presented in the following, and the results of the previous sections 
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Figure 5.7: Left Fischer cover of the SFT renewal system X(Li) considered 
in Example 15.381 The border points are coloured grey. Pq is the universal 
border point and bbab is a generator of Pq. 



will be used to show how such examples can be used to generate a class of 
examples of renewal systems which are not flow equivalent to full shifts. 

Example 5.38. Consider the irreducible generating list 

Li = [aa, bb, aaa, baa, bba, bbab, bbbbb]. 

Via the computer programs described in Appendix [Aj Proposition 15.231 can 
be used to prove that X(Li) is an 8-step SFT with forbidden words 

J-'i = {abab, aabaaab, aabbbab, aabbbaaab, aabbbbbab}. 

With this information, it is elementary (if somewhat tedious) to find the 
Fischer cover of X(Li) which is shown in Figure 15.71 By Corollary \1.28\ 
X(Li) is conjugate to the edge shift of the underlying graph of the left 
Fischer cover, so the Bowen- Franks invariant of X(Li) can be found by 
computing the determinant and Smith normal form of the corresponding 
edge shift. The determinant is 1, so the Bowen-Franks group is trivial. 

Note that bbab is a strongly left-bordering word for Li, and that aabaa is 
a strongly right-bordering word for Li, so Li is left-modular by Proposition 
15.241 For a free letter c, the renewal system X(Li U {c}) is an SFT, and by 
Proposition 15.35] the left Fischer cover of X(Li U {c}) can be obtained from 
the left Fischer cover of X(Li) by drawing edges labelled c from Pq to each 
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border point (including Pq). The symbolic adjacency matrix of this shift is 
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Let oi, . . . , Cfc^, 6i, . . . ,bk^,ci, . . . ,Ck^ be new symbols and let L[ be the list 
obtained by fragmenting a, b, and c into these ka, kb, and kc fragments, 
respectively. Now, X{L[) is a shift of finite type, and by Remark 15.371 the 
left Fischer cover of X(L']^) can be obtained from the left Fischer cover of 
X(LiU{c}) by replacing each edge labelled a by ka edges labelled ai, . . . , a^^ 
and so on. Hence, if a, b, and c are replaced by positive integers in the sym- 
bolic adjacency matrix Ai above, then the resulting matrix is the adjacency 
matrix of the underlying graph of the left Fischer cover of the SFT renewal 
system X(L'^). Using Maple, or a similar tool, it is easy to find that the 
determinant of Id —Ai is the following 10th order polynomial in a, b, and c 

p{a,b,c) = a^b^ 

- + a^b^ - a%^c 
+ a'b^ + + a%^c 

- 2a%^ - a%\ 

+ a%c + aH^ + a%'^ + ab'^c 

- a% - a^c - a?b^ - ab^c - b'^c 

+ a^b + o?b^ + ab^c + b^c 

— a^b — ab^ — abc — b^c 

+ ab + ac + bc 

— a — b — c 
+ 1. 

Hence, every integer in the range of p (over the positive integers) is the 
determinant of an SFT renewal system. In particular, there is no upper 
bound on the determinant of an SFT renewal system. 

The following two irreducible generating lists are included for complete- 
ness, and to give an idea of how complicated a generating list needs to be 
in order to generate an SFT renewal systems that is not flow equivalent to 
a full shift. Consider first 



L2 = [aa,ab,aaa,aba,bba,babba]. 



88 



5. FLOW EQUIVALENCE OF RENEWAL SYSTEMS 



Using the computer programs described in Appendix [XJ Proposition 15.231 
can be used to show that the renewal system X(L2) is the 9-step SFT for 
which the forbidden words are 

T2 = {bbbb, bbabaa, bbabbb, bbababa, bbaaabaa, bbaaabbb, 

bbaabbaa, bbababbb, bbaaababa, bbaabbaba, bbaaababbb}. 

The corresponding determinant is 1, so the Bowen- Franks group is the trivial 
group. For 

L3 = [aabb, ba, abb, babab, babaa, babb, aaaaa, aa], 

the programs from Appendix |X] can similarly use Proposition 15.231 to prove 
that X(L3) is the 10-step SFT for which the forbidden words are 

•^3 = {bbbb, aabaaba, aabbaba, bbbaaba, bbabbaba, bbbaaaaba, 

aababbaba, aabbaaaba.aabaaaaba, bbabbaaaba, aababbaaaba} . 

In this case, BF+(X(L3)) = +Z/4Z. 

The renewal systems X(L2) and X(L3) could be investigated in the same 
manner as X(Li), but they are both of higher step than X(Li), so it is 
not as easy to write down the left Fischer covers. As one might expect, 
it has not been possible to formulate a general hypothesis about when the 
determinant is positive based on the very limited information available in 
these examples. 

By adding and fragmenting the renewal systems from Example 15.381 it 
is possible to obtain additional renewal systems with positive determinants, 
but this will not be done here, since the examples are not of particular 
interest. However, the method will be used several times in the following 
sections to construct complicated renewal systems from simpler building 
blocks. 

5.3 Entropy and flow equivalence 

As mentioned in Section 15.2.51 it is difficult to construct renewal systems 
with non-cyclic Bowen- Franks groups and/or positive determinants directly, 
so it is attractive to compute the range of the Bowen-Franks invariant over 
classes of renewal systems that are known to have rich structure in the hope 
that this will produce hitherto unseen values of the invariant. Hong and 
Shin jHS09bj have constructed a class H of lists generating SFT renewal 
systems such that log A is the entropy of an SFT if and only if there exists 
L £ H with h{X{L)) = log A, and this is arguably the most powerful general 
result known about the invariants of SFT renewal systems. In the following, 
the renewal systems generated by lists from H will be classified up to flow 
equivalence, and this will produce a class of renewal systems that will even- 
tually serve as building blocks in a construction of renewal systems with 
more complicated values of the Bowen-Franks invariant. The first section 
recalls the construction from |HS09b| in order to pave the way for a flow 
classification of H in the following section. 
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5.3.1 The class H 

The construction of the class H of generating lists considered in |HS09b| will 
be modified slightly to take advantage of the fact that some of the details of 
the original construction are invisible up to flow equivalence. In particular, 
several words from the generating lists can be replaced by single symbols by 
using symbol reduction. Additionally, there are extra conditions on some 
of the variables in |HS09b| which will be omitted here since the larger class 
can be classified without extra work. The notation has been kept close to 
the notation from |H S09bj to allow comparison, but it has been simplified 
several places by the use of fragmentation. 

Let r > 2 and let ni, . . . , n^, ci, . . . , Cr, d, E N, and let W be the set 
consisting of the following words: 

• Oi = ai,i • • • Ui^m for 1 < i < ci 

• ai = Q!j,i • • • dti^m for 1 < z < ci 

• 7fc,jfc = 7fc,ife,i • • • 7fc,ifc,nfe for 2 < A: < r and 1 < ifc < Cfc 

• Oil 72,12 ■ ■ ■ lr,irfif for I <ij < Cj and 1 < I < d 

• 72,12 • • • lr,ir foi" 1 < «j < Cj and 1 < I < d. 

The set of generating lists of this form will be denoted B. In [HSODbj such 
renewal systems are used as basic building blocks in the construction of 
renewal systems with specific entropies. 

Remark 5.39. Lemmas 12. 151 and 12.231 can be used to reduce the words Oj, 
7A:,ife; ^nd (Sj^ to single letters, so up to flow equivalence, the list W € B 
considered above can be replaced by the list W consisting of the one-letter 
words Oj, Qfj, and '^k,i as well as the words 

• Oil 72,12 • • • 7r,vA for 1 < "ij < Cj and I <l <d 

• A"n72,i2 • • • 7r,v fo^^ 1 < < Cj and l<l <d. 
Furthermore, if 

L = {a, a, 072 •• • 7r/3, /3a72 • • • 7r} U {7^ | 2 < < r}, (5.1) 

then X{W') can be obtained from X(L) by fragmenting a to ai, . . . ,0^, j3 
to f3i, f3i and so on. Let it! be the set of generating lists of the form given 
in Equation 15.11 

Next consider generating lists Wi, . . . , Wm G B with disjoint alphabets, 
and let W = UjLi ^j- Let W he a finite set of words that do not share 
any letters with each other or with the words from W, and consider the 
generating list W U W. Let H be the set of generating lists that can be 
constructed in this manner. 
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Remark 5.40. If W U W £ H as above, then Lemma 12.231 shows that 
X{W U W) is flow equivalent to the renewal system generated by the union 
of W and \ W\ new letters, i.e. X(iyull^) is flow equivalent to a fragmentation 
of X{W U {a}) when a ^ A{X{W)). 

Lemma 5.41 (Hong and Shin |HS09bj ). Let fj, be a Perron number. Then 
there exists L G H such that X(L) is an SFT and h{X{L)) = log^u. 

Consider a generating list L G H and p G N. For each letter a G 
A{X{L)), introduce new letters ai, . . . , Op ^ A{X{L)), and let L denote the 
generating list obtained by replacing each occurrence of a in L by the word 
oi • • • Op. Let H denote the set of generating list that can be obtained from 
H in this manner. 

Remark 5.42. If L is obtained from L £ H as above, then X(L) ~fe X(-L) 
since the modification can be achieved using symbol expansion of each a G 
A{X{L)). 

Theorem 5.43 (Hong and Shin [HS09b) ). Let X be a weak Perron number. 
Then there exists L £ H such that X{L) is an SFT and h{X{L)) = log A. 

Proof. By assumption, there exists p G N such that ^ = is a Perron num- 
ber. Use Lemma r5.41l to find L G H such that h(X{L)) = log /i. Next replace 
each letter a in the alphabet by a word ai • • • ap to obtain the generating 
list of an SFT renewal system with entropy log A. □ 

5.3.2 Flow classification of H 

The aim of this section is to classify the class of renewal systems generated 
by lists in II up to fiow equivalence. The idea is to prove that the building 
blocks in the class R introduced in Remark 15.391 are left-modular, and to 
construct the Fischer covers of the corresponding renewal systems. As the 
following lemma shows, this will allow a classification of the renewal systems 
generated by lists from H via addition and fragmentation. 

Lemma 5.44. For each L €z H , there exist Li, . . . , Lm G R such that X(L) 
is flow equivalent to a fragmentation o/ X(|JJ1q Lj), where Lq = {a} for 
some a that does not occur in Li, . . . , Lm- 

Proof. This follows from Remarks [QTl [09l [QUI and ICTl □ 

The following lemma determines the left Fischer covers of the renewal 
systems generated by lists from i?, so that Proposition [5i35] and Lemma [5.44l 
can be used to find the left Fischer covers of the renewal systems generated 
by lists from H. 

Lemma 5.45. If L £ R, then L is left-modular and the left Fischer cover 
of X(L) is the labelled graph shown in Figure \5.8l 
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Proof. Let 

L = {a, a, 072 •• • 7r/?, I3aj2 ■ ■ ■ ^ {jk \ 2 < k < r} e R. (5.2) 

The word a72 • • • 7r/3/3a72 • • • 7r is strongly left- and right-bordering, so L 
is left- and right-modular by Lemma |5.34[ Let Pq = P(){L). If S X(L)+ 
does not have a suffix of a product of the generating words 072 • • • 7r/3 and 
/3a72 • • • 7r as a prefix, then x+ is strongly left-bordering, so Poo{x~^) = Pq. 
Hence, it is sufficient to consider right-rays that do have such a prefix. 

Consider first G X{L)^ such that /3x^ G X(L)^. The letter /3 must 
come from either a72 • • • 7^/? or f3aj2 ■ ■ ■ 7r; so the beginning of a partitioning 
of Px^ must be either empty or equal to a72 • • • 7r • Assume first that every 
partitioning of /3x+ has beginning 072 • • • 7r (i-e. that 0:72 • • • 7r is not a 
prefix of x^). In this case, f3x^ must be preceded by 072 •••Jr, and the 
corresponding predecessor sets are: 

^'00(072 • • •7r/3x+) = Po 
Poo(72---7r/3x+) = Poa = A 

(5.3) 

Poa72 • • • 7r-l = Pr-l 
Poa72 • • •7r-l7r = Pr- 

Assume now that there exists a partitioning of /3x^ with empty beginning 
(e.g. x~^ = /3q;72 • • •7^)- The first word used in such a partitioning must 
be /3q;72 • • • 7r • Replacing this word by the concatenation of the generating 
words a72 • • • 7r/3, a, 72, . . . , 7r creates a partitioning of /3x+ with beginning 
tt72 • • • 7r, so in this case, the predecessor sets are 

-Poo (072 • • •7r/3a;+) = Pq 
Poo{l2 ■ ■ ■ 7r/3x+) = Po U Poa = Po 

Poo(7r/3a;+) = Pq U Poa72 • • • 7r-i = Po 
Pooil3x+) = Po U Poa72 • • • 7r-i7r = -Po- 

The argument above proves that there are no right-rays such that every 
partitioning of /3x"'" has empty beginning. 

It only remains to investigate right-rays that have a suffix of /3a72 • • • 7r 
as a prefix. A partitioning of a right-ray 'jrX'^ may have empty beginning 
(e.g. x~^ = 7^), beginning 072 • • • Jr-i (e.g. x^ = /3/3q72 • • • 7^ • • • or x"*" = 
/3d72 • • • 7^), or beginning /3q72 • • • jr-i (e.g. x~^ = 7^). Note that there is 
a partitioning with empty beginning if and only if there is a partitioning with 
beginning f3aj2 ■ ■ ■ 7r-i- If there exists a partitioning of 'jrX'^ with beginning 
072 • • • 7r-i, then /3 must be a prefix of x^, so the right-ray 7rX"'" has already 
been considered above. Hence, it suffices to consider the case where there 
exists a partitioning of 'jrX'^ with empty beginning and a partitioning with 



Poo(7r/3X+) = 
Poo(/3x+) = 
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Figure 5.8: Left Fischer cover of X(L) for L defined in Equation 15.21 An 
edge labelled x from a vertex P to a vertex Q represents a collection of 
edges from P to Q such that Q receives an edge with each label from the 
set U2<j<r{7i} i-^- the collection fills the gaps left by the edges 

which are labelled explicitly. The border points are coloured grey. 

beginning (3a'y2 ■ ■ ■ Jr-i but no partitioning with beginning 072 • • • 7r-i. In 
this case, the predecessor sets are 

^'oo(7ra::+) = ^0 U Po/3a72 • • • 7r-l = P2r 

PO U PoPa = Pr+2 
PO U Po/3 = Pr+1 

Pq U Poa72 • • •7r = Po- 

Now all right-rays have been investigated, so there are exactly 2r + 1 
vertices in the left Krieger cover of X(L). The vertex Pq is the universal 
border point, and the vertices Pr+i, • • • ,P2r are border points, while none 
of the vertices Pi, . . . , P^ are border points. 

The equations above give the information needed to draw the left Fischer 
cover which is shown in Figure 15.81 To check that this is indeed the left 
Fischer cover, note that it is irreducible and left-resolving, and that every 
edge can be inferred from the equations above. To see that there are no 
edges missing, note that the vertices Pq, Pr+i, . . . , P2r all receive edges with 
every letter in the alphabet, while for each 1 < i < r, the vertex Pj receives 
exactly the edges it should according to Equation 15. 3i □ 

In [HS09bj it is proved that all renewal systems in the class B are SFTs. 
That proof will also work for the related class R considered here, but the 



-Poo(72 • ■■7rX~^) = 
-Poo ("72 • ■■^rX'^) = 
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following lemma shows that the result follows easily from the structure of 
the left Fischer cover constructed above. 

Lemma 5.46. For each L £ R, X(L) is an SFT. 

Proof. Let L be defined as in Equation 15. 2i By Corollary II. 28^ X(L) is 
an SFT if and only if the covering map of the left Fischer cover {F,C) 
is injective. Assume that A, are biinfinite paths in F such that /2(A) = 
C{fi) = X £ X{L). If there is an upper bound / on the set {i G Z | Xj = 7^} 
then s{Xj) = s{pLj) = Pq for all j > I. Since {F, C) is left-resolving, this 
implies that A = /i. 

Assume now that there is no upper bound on the set. If Xi = 7^, 
then s(Aj) = s(/Uj) = P2r unless Xi-r • • • Xi-i = 072 . . . 7r-i, in which case 
s{Xi-r) = s{fii-r) = Pq- The left Fischer cover is left-resolving, so either 
way it follows that s{Xj) = s{^j) for all j < i — r. By assumption, i can be 
arbitrarily large, so A = /i. □ 



Lemma 5.47. Let L £ R and let Xf be a renewal system obtained from 
X(L) by fragmentation. Then the Bowen-Franks group of Xf is cyclic, and 
the determinant is given by Equation \5.5[ 

Proof. Let L G R he defined by Equation 15.21 The symbolic adjacency 
matrix of the left Fischer cover of X(L) (shown in Figure [521) is 



A = 



7 


a 





... 





7 + /5 


a' 


l'2 


• • • 7r-2 


7r-l 








72 


... 









































































7r 












/? 








... 








P 




••• 13 


/? 
















a 




























72 














































































7r-l 


7r 










7r 


7r 


7r 


7r 


7r 



where 7 = a + a + X]fc=2 7^' a' = 7 — a, and 7^ = 7 — 7A:- Index the rows and 
columns of ^ by 0, . . . , 2r in correspondence with the names used for the 
vertices above, and note that the column sums of the columns 0, r+ 1, . . . , 2r 
are all equal to a + a + /3 + X]fc=2 7fc • 

If Xf is a fragmentation of X(L), then the (non-symbolic) adjacency 
matrix ^/ of the underlying graph of the left Fischer cover of Xf is obtained 
from A by replacing a, a, /3, 72, . . . , 7r by positive integers (see Remark [5.37p . 
To put Id—Af into Smith normal form, begin by adding each row from 
number r + 1 to 2r — 1 to the first row, and subtract the first column from 
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column r + 1, . . . , 2r to obtain 
Id —Af 



\ 



1-7 


—a 





... 





-/3 





... 


-1 





1 


-72 


... 



















1 












































1 


-7r 


















... 


1 


/? 





... 
















1 


—a 


... 



















1 












































1 


-7r-l 


-7r 
















... 


1 



Using row and column addition, this matrix can be further reduced to 



b = a/372 • • • 7r 

t = 072 • • •7r_i(6 - /3) - 1. 




(5.4) 



Hence, the Bowen-Franks group of Xf is cyclic, and the determinant is 
det(Id -A) = 1 - 7 - 6 + aj2 ■ ■ ■ 1r{b - (3) - 



1 



a — a 



^ 7fc - (a + a)/372 • • • 7r + aa/3{j2 



k=2 



(5.5) 
□ 



The number in Equation 15.51 mav be either positive or negative depending 
on the values of the variables. In the following section, this will be used to 
construct a class of renewal systems for which the determinants attain all 
values in Z. 

Now it possible to classify the renewal systems considered in |IIS09b] up 
to flow equivalence: 

Theorem 5.48. For each L € H, the renewal system X(L) has cyclic 
Bowen-Franks group and determinant given by Equation[5^ 



Proof. By Lemma [5331 there exist Li,...,Lm € R, Lq = {a} for some 
letter a that does not appear in any of the lists, and a fragmentation Yy of 
Y = X(UJlo Lj) such that Yj ~fe X(L). For 1 < j < m, let 

Lj = {aj,aj,-fj,k, ajlj,2 ■ ■ ■ 7j,r/i, /3iaj7i,2 • • • 7i,r, \ 2<k< r^}, G N. 
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Each Lj is left-modular by Lemma I5.46t so Y is an SFT, and the left 
Fischer cover of Y can be constructed using the technique from Section 
15.2.31 Identify the universal border points in the left Fischer covers of 
X(Lo), . . . , X(Lm), and draw additional edges to the border points corre- 
sponding to the edges terminating at the universal border points in the 
individual left Fischer covers. Hence, the symbolic adjacency matrix A of 
the left Fischer cover of Y is 



A = 



( ^ 




Uj ••• 






7U\ 






















7j-2 ••• 


7j> 
••• 




/3,- ••• (3j 

















aj ■■■ 



7j,r,-l 
7i,r,- 7i,r,- • • • Tj.rj 




7,J,r, 














v 













where 1 < j < m, 



7 = a + X] ("j + + ^^'0 ' 

j=l k=2 

a'j = 'J — OLj , and 
7j,k = 7 - lj,k- 

This matrix has blocks of the same form as in the m = 1 case considered in 
Lemma [5. 46 1 The jth block is shown together with the first row and column 
of the matrix - which contain the connections between the jth. block and the 
universal border point Pq - and together with an extra column representing 
an arbitrary border point in a different block. Such a border point in another 
block will receive edges from the jth block with the same sources and labels 
as the edges that start in the jth block and terminate at the universal border 
point Pq- 

Let Yf be a fragmentation of Y. Then the (non-symbolic) adjacency 
matrix Af of the underlying graph of the left Fischer cover of Yf is obtained 
by replacing the entries of A by non-negative integers. The entry a can 
also be replaced by 0. In order to put Id—Af into Smith normal form, 
first add rows rj + 1 to 2rj — 1 in the jth block to the first row for each 
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J, and then subtract the first column from every column corresponding to 
a border point in any block. This will remove the entries corresponding to 
edges between the individual blocks. More precisely, Id—Af is transformed 
into the matrix: 



/1-7 




-aj ••• 


••• -1 


\ 




















1 -7j-2 ••• 
1 

-7j,,^. 
••• 1 




f3j ••• 















1 -aj ■■■ 
1 

-7j,r,-l 

••• 1 




V 











By using row and column addition, and by disregarding rows and columns 
where the only non-zero entry is a diagonal 1, Id — A can be further reduced 
to 



/ S h t2 

-7l,ri 1 
-72,r2 1 



tm \ bj = ajf3j-fj^2 ■ ■ ■ 7j, 









V -7 



m,rm 







1 / 



^ = i-7-E"Li^. 



Hence, the Bowen-Franks group is cyclic and the determinant is 



det(Id -Af) = 1 - 7 + ^ {^j^.^tj - bj) 



With Theorem 15.431 this gives the following result. 



(5.6) 
□ 



Corollary 5.49. When log A is the entropy of an SFT, there exists an SFT 
renewal system X[L) with cyclic Bowen-Franks group such that h{X{L)) = 
log A. 



5.4 The quest for the range of the Bowen-Franks 
invariant 

All renewal systems considered until now have had cyclic Bowen-Franks 
groups, and most of them have been flow equivalent to full shifts. Some of 
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a 




Figure 5.9: Left Fischer cover of X{V) for L = {a, q, d, /?, 7, a7/3, /3d7}. 
The border points are coloured grey. 



the renewal systems considered in Sections 15.2.51 and 15. 3. 21 have had positive 
determinants, but it is still unclear whether every integer can be realised as 
the determinant of a renewal system. This will be remedied in the following, 
were it will be proved that the range of the Bowen-Franks invariant over 
the class of SFT renewal systems contains a large class of pairs of signs and 
finitely generated abelian groups. The class is, however, not general enough 
to show that ±G is the signed Bowen-Franks group of some SFT renewal 
system for every finitely generated abelian group G, so Adler's question 
remains open both for conjugacy and for flow equivalence. 



5.4.1 Determinants 



As mentioned in the previous section, the SFT renewal systems constructed 
by Hong and Shin [HS09bj exhibit positive determinants, and unlike the 
examples given in Section 15.2.51 these renewal systems are easy to study 
systematically. The following example is a special case of the renewal sys- 
tems considered in Theorem 15.481 but it is presented again here, since this 
particular renewal system will be used as an important building block in 
the following. 



Example 5.50. Consider the generating list 

L = {a, a, a, (3, 7, 07/?, /3aj}. 



(5.7) 



By Lemmas 15.451 and 15.461 L is left-modular, X(L) is an SFT, and the left 
Fischer cover of X(L) is the labelled graph shown shown in Figure [5^91 The 
corresponding symbolic adjacency matrix is 



A 



I a -|- a -|- d 




7 



a 



a -|- a -|- d -|- /3 o -|- a \ 





_0_ 

IT 

7 





A 

d 

7 



(5. 
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By fragmenting X(L), it is possible to construct an SFT renewal system for 
which the (non-symbolic) adjacency matrix of the underlying graph of the 
left Fischer cover has this form with a, a,/3,7 S N and a G No- Let Af 
be such a matrix. This is a special case of the shift spaces considered in 
Theorem 15.481 so the Bowen- Franks group is cyclic and the determinant is 

det(Id —Af) = jSaaj'^ — aj5'^ — dfij — a — q — 7 — a + 1. 

Theorem 5.51. Any k ^ 1^ is the determinant of an SFT renewal system 
with cyclic Bowen-Franks group. 

Proof. Consider the renewal system from Example I5.5UI in the case a = a = 
(3 = 1, where the determinant is 

det(Id -Af) =7^-37-0-1, 

and note that the range of this polynomial is Z. □ 

5.4.2 Non-cyclic Bowen-Pranks groups 

The first known examples of SFT renewal systems with non-cyclic Bowen- 
Franks groups are given in this section. These groups are achieved by a 
class of renewal systems where the only forbidden words are powers of the 
individual letters, and these renewal systems are classified in the following. 
The investigation was motivated by results of the experiments described in 
Appendix [X] which suggested that such systems have adjacency matrices 
with interesting structure. 

Let k >2, A = {ai, . . . ,0^}, and let ni, . . . ,nfc > 2 with maxijnj} > 2. 
The goal is to define an SFT renewal system for which the set of forbidden 
words is = {a"'}. For each 1 <i <k, define 

Li = {aja\ \ j ^ i and < / < — 1} 

U {amCLjal \ m ^ j ^ i and < / < rij — 1}. (5.9) 

Define L = Ui=i Li / 0, and Xdiag(ni,...,n.fe) = X(L). 

Lemma 5.52. For the renewal system ^diag{ni,...,nk) introduced above, the 
set of forbidden words is {a"'}, so '^diag{ni,...,'rn,) is an SFT. The symbolic 
adjacency matrix of the left Fischer cover of Xj^ig^g(^ni,...,nk) matrix in 

Equation \5.11\ 

Proof. Let F be the set of forbidden words for 'y^dia.g{nx,...,nk) ^'^'^ "note that 
{o"'} ^ J- hy construction. For 1 < I < ni — 1 and j ^ i the word aja\ 
has a partitioning in 'Xdia.g(nx....,nu) with empty beginning and end. Hence, 
a fl'g • • • has a partitioning with empty beginning and end whenever 
ij 7^ ij+it 1 < < foi' all 1 < i < m, and < < — 1. Given 
ii, . . . , im £ {1) • • • , fc} with ij / ijj^i and m > 2, the word Oi^ai^ ■ ■ ■ ai^ has 
a partitioning with empty beginning and end. Hence, every word that does 
not contain one of the words a"' has a partitioning. 



5.4. THE QUEST FOR THE RANGE OF THE BOWEN-FRANKS INVARIANT 



99 




Figure 5.10: Part of the left Fischer cover of Xdiag(„^^ The entire graph 
can be found by varying i and j. The border points are coloured grey. 



To find the left Fischer cover of ^dia,g{ni,...,nk)^ it is first necessary to 
determine the predecessor sets. Given 1 < i < k and j ^ i 

PooiaiCj ■■■) = {x 
Poo (a^Oj ■■■) = {x 

Poo{al'~^aj ■■■) = {x 

Only the first of these predecessor sets is a border point (this is not impor- 
tant in the present construction, but it will allow the construction of the 
left Fischer covers of sums involving renewal systems of this form in Section 
I5.4.3P . Equation 15.101 gives all the information necessary to draw the left 
Fischer cover of '^dia.g{ni,...,nk)- ^ p&T^t of the left Fischer cover is shown in 
Figure [5.101 and the corresponding symbolic adjacency is: 





ni — 1 






ri2-l 































... 





ai 


• • • ai 






ai 


• • • ai 


ai 


ai 


... 








... 










... 








• • • ai 








... 










... 





a2 


• • • a2 


0-2 





... 







a2 


• • • a2 







... 





a2 


... 










... 








... 








• • • a2 










... 















• • • a-k 




a-k 


■■■ cik 









... 








... 








... 









... 








... 








... 










• • • ak 






e Xdiag(ni,...,n,)l^-'^.+2 " " " ^0 / (5.10) 
eXdiag(ni,...,n,)I^Oy^a,}. 



□ 
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Let A be the (non-symbolic) adjacency matrix of the underlying graph of 
the left Fischer cover of '^diag{ni,...,nk) constructed above. Then it is possible 
to do the following transformation by row and column addition 



Id -A 



( 1 1 - 712 1 - ns 
1 — ni 1 1 — ns 
1 — ni 1 — n2 1 



yi — ni 1 — n2 1 

fx 11 

— ni 712 
—ni na 



\-ni 
The determinant of this matrix is 



- nz 

1\ 







1 - nk\ 

l-Uk 
l-Uk 

1 J 



l-{k- l)ni. 



det(Id —A) = n2 ■ ■ ■ rik \ X 



k \ 

1=2 / 



-nin2 • • • rife 



The inequality is strict since k — 1 — "^^^i l/rii > k/2 — 1 > 0. Given con- 
crete ni, . . . , nfe, it is straightforward to compute the Bowen- Franks group of 
Xdiag(ni,...,nj;)! but it has not been possible to derive a general closed form for 
this group. For this reason, the following proposition concerns only a sub- 
class of the renewal systems considered above, and this gives the first known 
examples of SFT renewal systems with non-cyclic Bowen-Franks groups. 



Proposition 5.53. Letni,...,nk > 
ni > 2. Then BF +{Xdiag{nu-,nk)) = 
m = nin2{k - 1 - Yh^^ l/ni). 



2 with riilrii^i for 2 < i < k and 
-Z/mZ © Z/nsZ © • • • © Z/nfeZ for 



Proof By the arguments above, Xdiag(ni,...,nfc) is conjugate to an edge shift 
with adjacency matrix A such that the following transformation can be 
carried out by row and column addition 



Id- A 



(y 1 1 

712 

713 

Vo 



1\ 






/O 1 

771 

713 

Vo 






nk) 



where y = —ni yk — 1 — l/7iij . It follows that the Smith normal form 

of Id —A is diag(7n, 713, . . . , 7;,fe), and det(Id —A) < 0. □ 
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Let G be a finite direct sum of finite cyclic groups. Then Proposition 
15.531 shows that G is a subgroup of the Bowen- Franks group of some SFT 
renewal system, but it is still unclear whether G itself is also the Bowen- 
Pranks group of a renewal system since the term TLjrriL in the statement of 
Proposition 15.53] is determined by the other terms. Furthermore, the groups 
constructed in Proposition 15.531 are all finite, so it is also unknown whether 
groups such as Z © Z can occur as subgroups of the Bowen-Franks group of 
an SFT renewal system. The following example shows that at least some 
such infinite groups can occur. 

Example 5.54. Consider the renewal system X(L) generated by the list 
L = {aa,aaa,baa,baaa,bb,bbb,abb,abbb,c}. Via the computer programs 
described in Appendix [Aj Proposition 15.231 can be used to prove that X(L) 
is a 3-step SFT and it is not hard to check that the set of forbidden words 
is = {abc,bac,cac,cbc,abab,baba,cbab}. The symbolic adjacency matrix 
of the left Fischer cover of X(L) is 





c 





c 


c 





c \ 





a 


a 











a 


a 








a 














b 


























b 


b 


b 





b 

















b 


\ 











a 





J 



Fragmenting the letter c to ci , . . . , c„ produces an SFT renewal system for 
which the (non-symbolic) adjacency matrix of the underlying graph of the 
left Fischer cover is obtained from A by replacing a and 6 by 1, and c by n. 
It is easy to check that this system has determinant and Bowen-Franks 
group Z/(n -|- 1) © Z. Appendix |X] contains further examples of renewal 
systems where Z is a subgroup of the Bowen-Franks group. 

5.4.3 Positive determinants and non-cyclic groups 

The determinants of all the renewal systems with non-cyclic Bowen-Franks 
groups investigated in the previous section were negative or zero, so the goal 
of this section is to construct a class of SFT renewal systems with positive 
determinants and non-cyclic Bowen-Franks groups by adding the renewal 
systems considered in Sections 15.4.11 and 15.4.21 

Lemma 5.55. Let be the generating list of y.diag{n^^,,,^nk) defined in 
Equation 15.^1 and let {Fd,Cd) be the left Fischer cover of Xdiag(nl,...,n^:)■ 
Let Lm be a left-modular generating list for which X(Lm) is an SFT with 
left Fischer cover {Fm,Cm)- For Ld+m = L^U Lm uf^^ {oiW \ w £ Lm], 
ffi) is an SFT for which the left Fischer cover is obtained by adding the 
following connecting edges to the disjoint union of {Fd, Cd) and {Fm,Cm): 

• For each 1 < i < k and each e G F^ with r(e) = Po(-^m) draw an edge 
Ci with s{ei) = s(e) and r{ei) = PooiaiOj . . .) labelled Cm{e). 
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Figure 5.11: Construction of the left Fischer cover considered in Lemma 
15-551 Here, w'^a = Wm ^ L*^ and w^Oj/ = Wd ^ 'S(Xdiag(ni,...,nfc)) with 
11 (wd) / Cj. Border points are coloured grey. 

• For each 1 < i < k and each border point P G draw an edge 
labelled Cj from Poo{aiaj . . .) to P. 

Figure 15.111 shows the construction of the left Fischer cover defined in 
Lemma 15.551 The addition of {aiW \ w £ Lm} to La U ensures that 
a word Wm S can be preceded by a"'~^ in X{Ld+m)- This will allow a 
simpler analysis than in the renewal system generated by U Lm- 

Proof of Lemma \5. 55[ Let {Fd+m-, ^d+m) be the labelled graph defined in 
the statement of the lemma and sketched in Figure 15.111 The graph is 
left-resolving, predecessor-separated, and irreducible by construction, so by 
Theorem ll.29t it is the left Fischer cover of some sofic shift X. The first 
goal is to prove that X = X{Ld+m)- By the arguments used in the proof 
of Lemma [5.521 any word of the form aif^WmO-i^a^^ • • • "ip where Wm G 
p £ 'N, ij 7^ ij+i and Ij < ni. for 1 < j < p, and 1 < Ip < ni^ — 1 
has a partitioning with empty beginning and end in X(Ld+m)- Hence, the 
language of X(Ld+m) is the set of factors of concatenations of words from 

{wmaiWd I Wm e Lm, I <i < k,Wd £ S(Xdiag(„^ ,...,„^) ) , ll(u;d) / ai} - 

Since Lm is left-modular, a path A € F^ with r(A) = Po{Lm) has £m(A) E 
LJ„ if and only if s(A) is a border point in Fm- Hence, the language recog- 
nised by the left Fischer cover {Fd+m, J-'d+m) is precisely the language of 
X(Ld_i_m)- This is illustrated in Figure 

It remains to show that {Fd+m, J-'d+m) presents an SFT. Let 1 <i < k 
and let a G B{X{Lm)), then any labelled path in (Fd+m, ^d+m) with OjO as a 
prefix must start at Pooia-iaj • • • ). Similarly, if there is path A G Fd+m "^ith 
aoi as a prefix of Cd+mW-, then there must be unique vertex v emitting 
an edge labelled a to Po{L), and s(A) = v. Let x G '^{Fi+^,Cd+^)- If 
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there is no upper bound on set of z G Z such that € {ai, . . . ,0^} and 
Xj+i G A(X{Lm)) or vice versa, then the arguments above and the fact that 
the graph is left-resolving prove that there is only one path in {Fd+m, ^d+m) 
labelled x. If there is an upper bound on the set considered above, then 
a presentation of x is eventually contained in either or Fm- It follows 
that the covering map of {Fd+m, J~-d+m) is injective, so it presents an SFT 
by Corollary [L28l □ 

The next step is to use Lemma 15.551 to construct renewal systems that 
share features with both '^di!i.g{ni,...,rn.) the renewal systems with positive 
determinants considered in Example 15.501 

Example 5.56. Given ni, . . . , > 2 with maxj rij > 2, consider the list Ld 
defined in Equation 15.91 which generates the renewal system y<dia.g{ni,. ..,nk)^ 
and the list 

L = {a, a, a, f3, 7, 07/3, f3d-/} 

introduced in Example 15.501 L is left-modular, and X(L) is an SFT, so 
Lemma 15.551 can be used to find the left Fischer cover of the SFT renewal 
system X+ generated by 

L+ = Lrf U L ufL^ {aiW \w £ L}, 

and the corresponding symbolic adjacency matrix is 
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• ai 


ai 

















ai 























































































ai 





























ak 








a-k 


ak 
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• ak 





































































































































ak 


0/ 



where b = a + a + d. Let Y+ be a renewal system obtained from X+ by 
a fragmentation of a, a, a, f3, and 7. Then the (non-symbolic) adjacency 
matrix of the left Fischer cover of 1+ is obtained from the matrix A-^- above 
by replacing ai,...,afc by 1, and replacing a, q, q, /3, and 7 by positive 
integers. Let be a matrix obtained in this manner. By doing row and 
column operations as in the construction that leads to the proof Proposition 
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\5.5'6\ and by disregarding rows and columns where the only non-zero entry 
is a diagonal 1, it follows that 

ld-B+ 



n-h 


—a 





-6-/3 


—a — a 


-h 


-h ■ 


• -h \ 
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-7 

















-/? 





1 





-/3 




-P ■ 


• -p 
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—a 











-7 








-7 


1-7 


-7 


-7 • 


• -7 


-1 








-1 


-1 
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1 - n2 • 


• 1 - "fc 


-1 








-1 


-1 


1 — ni 
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1 - nfc 


V-1 








-1 


-1 


1 — ni 


1-722 • 


• 1 / 



Add the third row to the first and subtract the first column from columns 
4, . . . , + 4 as in the proof of Lemma 15.471 to obtain 



l-h 


—a 
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-1 


-1 


-1 
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• 2 - rife 
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By choosing the variables a, q, a, /3, and 7 as in the proof of Theorem I5.5H 
this can be further reduced to 



Id -B+ -w 
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-1 


-1 


-1 •• 


• -1 


2x - 1 
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-713 • • 


• -nk 
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where x S Z is arbitrary. Assume that ni\ni-\ for 2 < i < k. Then 
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- J2i=i '^iM 
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Hence, the determinant is 

det(Id -B+) = 712 • • • nfc ^(2x ~ ^^Yl ^i/""' ~ ^'^^ ~ ^^^^ ' (^'-^^^ 

and there exists an abehan group G with at most two generators such that 
the Bowen-Franks group of the corresponding SFT is G ® Z/nsZ © • • • © 
Z/n/jZ. For x = 0, the determinant is negative and the Bowen-Franks group 
is Z/( ^*Li n2ni/ni)Z © Z/ngZ © • • • © Z/nfeZ. 

The example was motivated by a hope that the presence of the arbitrary 
X would make it possible to prove that any direct sum of finite abelian groups 
is the Bowen-Franks group of an SFT renewal system, but the construction 
is not general enough for this. It does, however, give the first example of 
SFT renewal systems that simultaneously have positive determinants and 
non-cyclic Bowen-Franks groups. 

Theorem 5.57. Given ni, . . . , > 2 with ni\ni^i for 2 < i < k there exist 
abelian groups G± with at most two generators and SFT renewal systems 
X(L±) such that BF+(X(L±)) = ±G± © Z/niZ © • • • © Z/rifcZ. 

Proof. Consider the renewal system from Example 15.561 Equation 15.121 
shows that no matter the values of the other variables, x can be chosen 
such that the determinant is either positive or negative. □ 

This is the most general result about non-cyclic groups obtained in the 
search for the range of the Bowen-Franks invariant. 



5.5 Perspectives 

The question raised by Adler, and the related question concerning the flow 
equivalence of renewal systems remain unanswered, and a signiflcant amount 
of work remains before they can be solved. Indeed, one of the main con- 
clusions of this work must be these questions are very difficult to answer 
despite the simple formulations. While it has not been possible to answer 
these questions by finding the range of the Bowen-Franks invariant over 
the set of SFT renewal systems, significant progress has been made in the 
search: Theorem 15.511 shows that every k £ Z is the determinant of an 
SFT renewal system. Proposition 15.531 shows that a large class of non-cyclic 
groups appear as the Bowen-Franks groups of SFT renewal systems, and 
Theorem 15.571 shows that non-cyclic groups and positive determinants can 
appear simultaneously. The complexity of the constructions used to derive 
these results, and the investigation of the class H in Section [531 illustrate the 
problems involved in constructing renewal systems with complicated values 
of the Bowen-Franks invariant. This is further illustrated by the modest 
number of SFT renewal systems not fiow equivalent to full shifts that came 
out of the experimental investigation discussed in Appendix lAl 
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The main obstruction to constructing SFT renewal systems with a spe- 
cific value of the Bowen-Franks invariant is seen in the strict structure 
enforced on the Fischer cover by Proposition I5.3UI This complicates the 
construction because the connecting edges between circuits in the Fischer 
cover make it difficult have non-trivial diagonal elements in the Smith nor- 
mal form of the associated matrices. This is seen in Proposition 15.531 and 
Theorem 15.571 where the connecting edges are responsible for the undesired 
extra terms in the groups. For an investigation of Adler's original question, 
it seems interesting to look at this structure in SFTs such as the one given in 
Example 15.311 Circuit connection is not preserved by conjugacy, but if this 
property implies some deeper property that is preserved, then this might be 
used to answer the question. However, there is no evidence to suggest that 
this is the case. 

In this study, the techniques for adding and fragmenting renewal sys- 
tems introduced in Sections 15.2.31 and 15.2.41 have been very useful in the 
construction of complicated renewal systems from simpler building blocks, 
and it is reasonable to assume that they can continue to play this role in 
additional investigations of the range of the Bowen-Franks invariant. 

There is little hope that further experimental investigations of randomly 
generated renewal systems will yield interesting results at this stage. A con- 
tinued investigation will have to deal with very complicated renewal systems, 
and the already significant computational difficulties of the experimental ap- 
proach described in Appendix [A] will grow exponentially with the step of 
the SFT renewal systems considered. 

Proposition 15.231 gives a useful testable condition guaranteeing that a 
renewal system is an SFT. The condition is necessary for renewal systems 
with strongly left- or right-bordering words as proved in Proposition I5.24^ 
but not in general, so some SFTs will be missed by a search relying on 
this test. It would be desirable to have a comparison of the complexity of 
this algorithm with the complexity of the algorithm based on the subset 
construction sketched in Section I5.1.5| but these computations have not 
been done yet. In theory, the algorithm based on the subset construction is 
far superior because it can determine precisely when a renewal system is an 
SFT, but in a practical investigation of a left Fischer cover with r vertices it 
will only be possible to check all the words of length — r for small values 
of r. So for practical purposes, this method cannot generally be used to 
prove that a renewal system is strictly sofic, and in this way, it shares the 
fundamental problem of the method based on Proposition 15.231 

One could also try to approach the problem from the other direction 
since Theorem I5.2UI shows that it is decidable whether an SFT is a renewal 
system. This would make it possible to test whether SFTs in a class with 
as yet unrealised values of the Bowen-Franks invariant are in fact renewal 
systems. However, this is probably not a useful practical approach because 
of the complexity of the algorithm and the rarity of renewal systems in the 
class of general irreducible SFTs. 

The group Z © Z is arguably the least complicated group that has not 
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yet been proved to be the Bowen-Franks group of an SFT renewal system, 
so an obvious next step in the investigation of the range of the complete 
invariant would be to attempt to construct an SFT renewal system with this 
Bowen-Franks group. More generally, a reasonable strategy in the investi- 
gation would be to always aim to construct a renewal system with the least 
complicated combination of group and determinant that is not yet known 
to be achieved by a renewal system. This may solve the problem either by 
showing that the range of the Bowen-Franks invariant is the same over the 
set of SFT renewal systems as it is over the entire class of irreducible SFTs, 
or by providing insight enough to show that some combination of sign and 
Bowen-Franks group cannot be achieved by an SFT renewal system. 

At this point, it is reasonable to expect a conjecture about the solution 
to Adler's question. Several such conjectures have been formulated during 
the investigation only to be abandoned later when acquired knowledge failed 
to support them or simply proved them wrong. Currently, it seems that the 
solutions could go either way, so the following bold statements are really 
based on intuition: 

Conjecture 5.58. There exists an irreducible SFT X such that no renewal 
system is conjugate to X. 

Conjecture 5.59. Every irreducible SFT is flow equivalent to a renewal 
system. 
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This appendix describes the computer experiments used to investigate 
the flow equivalence problem for renewal systems discussed in Chapter [5l 
Examples 15.381 and 15.541 rely on these programs to show that certain re- 
newal systems are SFTs with specific forbidden words, but apart from this, 
the results generated by the programs have only been used as inspiration 
and none of the other results in Chapter [5] rely on computations. The ex- 
perimental investigation was primarily done using a number of programs 
written in C-|--|- which will be described in the following. 

Section lA.ll gives a description of a preliminary investigation which 
guided the rest of the experimental process, while Section IA.2I contains an 
overview of all the C-|— |- programs used, and a more detailed description 
of the most important classes and programs in order to explain the general 
structure and ideas. However, this is not meant as a proper documenta- 
tion of the programs, but rather as a broad description with focus on the 
mathematically interesting features, so only a few details are given about 
the programming techniques used. The complexities of the algorithms have 
not been determined, but some comments are given about the parts of the 
programs where the majority of the computations are carried out. Section 
IA.3I contains the main results of the investigation, most of which have al- 
ready been discussed in Chapter [5] where they served as inspiration for the 
development of the theory. However, some of them are only presented here 
because they had no natural place in the previous exposition. Finally, the 
results and methods are discussed in Section IA.4I 

Files with the source code of the programs used are available at: 

http : //www . math . ku . dk/ -rune/renewal/ 

The programs have been compiled using g++ under Mac OS X 10.5.8, but the 
portability has not been tested, so adjustments may be necessary in order 
to compile them on other systems. In particular, some of the programs 
execute system commands in order to create directories where logs can be 
stored, and these commands will only be recognised by operating systems 
such as Unix and Linux. Additionally, the programs rely on Maple to do 
linear algebra, so they will only function if this program is available. Please 
send any questions concerning the programs to runeOmath . ku . dkl 

A.l Preliminary investigation 

For the preliminary investigation of the flow equivalence problem for renewal 
systems, a collection of procedures were constructed in Maple. Given a 
generating list L, these would inductively construct the language and set of 
forbidden words of the corresponding renewal system X(L). For each length 
n, the procedures would check whether there were any forbidden words of 
length n that did not contain any known forbidden word of shorter length 
as a factor. If a renewal system did not exhibit any such new forbidden 
words for a number k of steps after the nth step, then it would be taken as 
an indication that X(L) could be an n-step SFT. Since the allowed words 
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of length n were known, it was then straightforward to construct the higher 
block shift as in Proposition 1 1 . 81 and to compute the Bowen-Franks invariant. 

This method clearly risks to falsely report certain renewal systems as n- 
step SFTs since it has no way to determine whether there are new forbidden 
words of length greater than n + k. This was not as big a problem as it 
would seem since all higher block shifts constructed in this way turned out 
to be flow equivalent to full shifts. I.e. even by considering a larger class 
than the one of interest, it was only possible to achieve a small part of the 
values of the Bowen-Franks invariants achieved by general irreducible SFTs. 

A more significant problem was that it took a long time to carry out 
the k extra steps of the induction used to filter out renewal systems that 
where strictly sofic or of too high step to manage. This prevented the 
investigation of more complicated renewal systems where one might hope 
to find non-trivial values of the Bowen-Franks invariant. Indeed, results such 
as Lemma \5.8\ Corollary I5.12^ and Theorem 15.481 suggest that a generating 
list must be quite complicated in order to generate an SFT renewal system 
that is not flow equivalent to a full shift. The desire to solve this problem 
led to the proof of Proposition I5.23[ 

A.2 Methods 

Based on the insight gained from the preliminary investigation, it was de- 
cided to use the following overall strategy for the investigation of a renewal 
system X(L): Construct the allowed words and their minimal partitionings 
inductively, and check at each length n whether the conditions of Proposi- 
tion 15.231 are satisfied. If this is the case, then X(L) is an n-step SFT, so 
the knowledge of the allowed words of length n can be used to construct the 
higher block shift as in Proposition 11.81 Finally, the Bowen-Franks invari- 
ant of X(L) can be found by computing the determinant and Smith normal 
form of Id —A for the adjacency matrix A of the higher block shift. It was 
decided to found the investigation on Proposition 15.231 rather than the algo- 
rithm based on the subset construction, which is described in Section 15.1.51 
since the latter was thought to require too many computations. 

To implement this strategy, a number of programs were written in C++, 
and these will be described in the following. Focus will be on the places 
where novel algorithms have been constructed, so this will not be a com- 
plete documentation of the programs, and many technical details will be 
omitted. Section IA.2.11 gives a quick overview of all the classes and pro- 
grams used, while the following sections give more detailed accounts of the 
most important classes and programs. 

A. 2.1 Overview over classes and programs 

In order to study the flow equivalence of renewal systems using the strategy 
described above, a number of classes were used to represent mathematical 
objects (such as renewal systems and partitionings) in the programs. These 
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classes are designed to store information that defines the corresponding 
mathematical object (e.g. the generating list of a renewal system), and they 
contain functions that allow natural operations to be carried out on the 
objects (e.g. a function that finds the allowed words of length n in a renewal 
system) . 

The classes are defined in so called header files which are available at 
the address given above. The contents of the header files are described in 
the following list: 

renewalsystem.h defines the important classes used to represent words, 
partitionings, and renewal systems. They are called allowedWord, 
partitioning, and renewalSystem, respectively. This file contains 
the bulk of the code. 

adj acencymatrix . h defines the class ad j Matrix which is used to give a 
compact representation of the large and sparse integer matrices that 
appear as the adjacency matrices of the higher block shifts of renewal 
systems. 

generator.h contains the class generator which can be used to represent 
the generating list of a renewal system. It defines a standard file 
format that is used by all programs, so that output written by one 
program can be read by another (the files sft.txt and sofic.txt, 
which are available online, give examples of this format). 

collection. h defines the class collection which is used to represent a 
collection of renewal systems as a vector of objects from the class 
generator. It allows collections to be generated from a file or directly 
from user input. It contains functions that make it possible to carry 
out the operations defined in renewalsystem.h on all members at 
once. 

symmetricRS .h contains the class symmetricRS which can be used to rep- 
resent the specific class of renewal systems where the only forbidden 
words are powers of the individual letters as defined in Section 15.4.21 

log . h contains the class logBook which is used to print information about 
the progress of a program to a file. This class contains no structures 
specific to renewal systems, so it could be used to generate logs in 
other contexts. 

option. h contains the class option which represents optional arguments 
given to a program when it is run from the command line. This class 
contains no structures specific to renewal systems, so it could be used 
to add options to programs used in other contexts. 

tools. h contains various general tools used by the other classes (e.g. to 
print all values contained in a list). 
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Based on these classes, a number of programs have been written in 
order to ahow users to investigate renewal systems. They are available at 
the address given above and described in the following list: 

irs . cpp (Investigate renewal system) is the main interface which allows 
users to investigate renewal systems based on the classes described 
above. It examines all the renewal systems in a collection and prints 
the Bowen-Franks invariants of the ones that can be proved to be 
SFTs. 

reduce . cpp takes a generating list L as input and uses the algorithm from 
the proof of Proposition 15.91 to construct an irreducible generating list 
M such that X(L) ~fe 

X(M). 

add. cpp takes two files containing collections of generating lists {Li \ 1 < 
i < k} and {Mj \ 1 < j < 1} as input and outputs a file with the 
collection of generating lists {Li U Mj \ l<i<k,l<j<l}. 

dO.cpp uses the class symmetricRS to construct a collection of generating 
lists for which the renewal systems only have powers of the individual 
letters as forbidden words as defined in Section 15.4.21 

rename . cpp takes a file containing generating lists and gives each of them 
a name based on a text-string supplied by the user. 

testGenerator . cpp is a tutorial for the file format defined by the class 
generator. 

The following sections will describe the main features of the classes 
allowedWord, partitioning, renewalSystem, and adjMatrix which con- 
tain the core of the experimental setup. The functionality of the programs 
irs . cpp and reduce . cpp, which allow users to use the classes to work ex- 
perimentally with renewal systems, will also be described, but the remaining 
classes and programs are less central to the experimental investigation and 
contain no mathematically interesting features, so they will not be examined 
further. 

A. 2. 2 The class allowedWord 

The class allowedWord is used to represent a word w G Bn{)^{L)) in the 
programs, and a key feature of the class is that it can be used to keep track 
of all the minimal partitionings of w. This is important, because the idea is 
to apply Proposition 15.231 which relies on the structure of the partitionings 
to test whether X(L) is an SFT. 

The most important function in the class allowedWord checks whether 
w is strongly synchronizing, left-extendable, and/or right-extendable. This 
is done via a pairwise comparison of all the partitionings of and it can 
be a time consuming computation \i w \s a, long word with many partition- 
ings. These comparisons are skipped if w is known to have a factor that 
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is strongly synchronizing since w is automatically strongly synchronizing, 
left-, and right-extendable in this case. In most renewal systems, this allows 
a significant reduction of the total number of comparisons needed because 
a large fraction of the allowed words are strongly synchronizing. In the 
description of the class partitioning below, it is shown how information 
about the strongly synchronizing factors is passed to allowedWord when a 
representation of a new word is created. 

A. 2. 3 The class partitioning 

Let p = {ni,, [gi,. . . jfiffcliO be a minimal partitioning of it; G Bi{X{L)). In 
the programs, p is represented by the class partitioning which keeps track 
of nj,, [gi,...,gk], I, and w. 

The main feature of the class partitioning is a function which extends 
p in the following way: If n;, -|- Z — 1 < X^f^ilffi], define a new partitioning 
p' = {nb,[gi,. . . ,gk],l + l)- Ifrib + l-l = Yli=i \9i I > define a new partitioning 
p' = (rih, [gi, . . . , gk, g],l + for every g G L. When this process is carried 
out for all minimal partitionings of allowed words of length I, it will produce 
all minimal partitionings of allowed words of length I + 1. In this way, the 
function allows an inductive construction of the allowed words and their 
minimal partitionings. 

Let p' be a new partitioning obtained by extending p in this way, and let 
w' G i3i_)_i(X(L)) be the corresponding word. When p' is first constructed, 
it is checked whether the corresponding word w' is already known to belong 
to Bi^i{X{L)). If so, the partitioning is added to the list of partitionings 
of w. If not, then w is created as a new member of the class allowedWord. 
The word w is a factor of w', so if w is strongly synchronizing then so is w'. 
Therefore, if w is known to be strongly synchronizing, then this information 
is passed to the representation w' when it is created. As mentioned in the 
description of the class allowedWord above, this reduces the number of 
comparisons needed when checking whether the words of length / + 1 are 
left- and/or right-extendable. 

A. 2.4 The class renewalSystem 

In the class renewalSystem, a renewal system X(L) is naturally represented 
by the generating list L. The class contains a large number of functions 
that allow the investigation and manipulation of renewal systems, so only 
the most important of these will be described here. 

The main feature of the class renewalSystem is a collection of functions 
that inductively construct lists of all the allowed words and their mini- 
mal partitionings by using the functions in the classes partitioning and 
allowedWord described above. The class renewalSystem will first find all 
minimal partitionings of allowed words in Bi{X{L)) and represent these us- 
ing the classes partitioning and allowedWord. Now the partitionings of 
words of greater length can be constructed inductively by applying the func- 
tions from the class partitioning described above, so assume that all the 
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allowed words of length n — 1, as well as the minimal partitionings of these 
words, have been constructed. Then the following steps can be carried out: 

Extend partitionings: For each minimal partitioning p of length n — 1, 
use the functions from the class partitioning to extend p. This gives 
a list of all the minimal partitionings of length n, and a list of all the 
allowed words of length n. 

Find extendable words: For each w £ Bni)^{L)), use the functions from 
the class allowedWord to check whether w is strongly synchronizing, 
left-extendable and/or right-extendable. 

Repeat: If all words of length n are left-extendable or if they are all right- 
extendable, then the induction stops. It also stops if the total number 
of allowed words exceeds a predefined maximum. Otherwise, the pre- 
vious steps are repeated for n. 

If the induction stops because all words of length n are left-extendable or 
all right-extendable, then Proposition 15.231 proves that X(L) is an n-step 
SFT, and the Bowen- Franks invariant is then computed using functions 
from the class ad j Matrix described below. If the induction stops because 
the predefined maximal number of allowed words has been reached, then 
the investigation of X(L) is abandoned. 

A. 2. 5 The class adjMatrix 

The class adjMatrix is invoked to find the Bowen- Franks invariant when the 
functions from the class renewalSystem described above have been used to 
show that X(L) is an n-step SFT. In this case, the allowed words of length 
n are known, so it is straightforward to construct the adjacency matrix A 
of the corresponding higher block shift as in Proposition 11.81 The Bowen- 
Franks invariant of X(L) can then be computed by computing the Smith 
normal form and determinant of Id —A. However, A will generally be a 
large and sparse matrix, so it is very inefficient to do these computations 
directly. 

The class adjMatrix essentially represents A as list of triples {i,j,Aij) 
where Aij ^ 0, and this leads to a drastic decrease in the memory needed to 
store A when A is large and sparse. The class adjMatrix contains a function 
that finds all rows which are equal. If row number ri,...,rk are equal, 
then the corresponding vertices in the edge shift X^ can be merged using 
a state-amalgamation, and the class adjMatrix contains a function that 
transforms A into the adjacency matrix of this reduced edge shift. State- 
amalgamations are conjugacies, so this does not change the value of the 
Bowen-Franks invariant. This process is repeated until all rows are different. 
Generally, this leads to a drastic reduction in the size of the matrix and a 
corresponding increase in the sizes of the entries. After carrying out this 
reduction, the matrix can be effectively represented in the normal way and 
passed to Maple where standard tools are used to compute the determinant 
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and Smith normal form. For large matrices, the reduction is naturally very 
time consuming, but it greatly increases the size of the matrices that can 
be treated. 

A. 2. 6 The program irs.cpp 

The program irs . cpp allows a user to apply the tools in the classes de- 
scribed above to an investigation of a collection of renewal systems. If the 
program is executed without arguments, it will prompt the user to input 
generating lists of renewal systems. If the program is executed with a single 
argument, then this argument will be assumed to be a file name, and the 
collection will be generated from the contents of the file. If the program is 
executed with more than one argument, then the arguments will be treated 
as the words of a generating list, and the collection will be defined to consist 
of the corresponding single renewal system. 

Each renewal system in the collection is investigated with the functions 
from the class renewalSystem described above. If the renewal system can 
be proved to be an SFT, then the adjacency matrix is represented by the 
class ad j Matrix, and the Bowen- Pranks invariant is calculated using the 
functions from ad j Matrix as described above. The results of these compu- 
tations are written to the screen and to a file. If the renewal system cannot 
be proved to be an SFT, information about the extendable words will be 
printed instead. The following options may be given to the program: 

-n=x: Sets the maximal number allowed words to x. The investigation of 
a renewal system will be abandoned when the allowed words of length 
m have been constructed if |i3m(X(L))| > x and the conditions of 
Proposition 15.231 are not satisfied. The default is 10000. 

-i: Interactive mode. If the preset maximal number of allowed words is 
reached before the conditions of Proposition 15.231 are satisfied, then 
the user is asked whether to continue the investigation or not. By 
default, the program abandons the investigation without prompting 
when the maximal number of allowed words is reached. 

-s: Makes the program print information about strongly synchronizing, left- 
extendable, and right-extendable words to allow closer investigation 
of renewal systems that are thought to be strictly sofic. This can 
produce a lot of extra output and it is turned off by default. 

-{=x: Saves the results in a file named x. The default is a file name based 
on the current date and time. 

The files sft.txt and sofic.txt, which are available at the address given 
above, provide samples of the output from this program. 

A. 2. 7 The program reduce . cpp 

Given a generating list L, the program reduce . cpp is used to find an irre- 
ducible generating list M such that X(L) ~fe X(M). This is done using a 
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function in the class renewalsystem which implements the algorithm given 
in the proof of Proposition 15.91 In order to do this, the function uses the 
tools from the class renewalsystem described above to find all partition- 
ings of all factors of all w £ L. With this information, it is elementary to 
construct a list I which contains every internal word that is not contained 
in any longer internal word. A new generating list L' is then constructed 
from L by replacing every occurrence of an internal word Wi £ I hy a new 
symbol a,. This process is repeated until all internal words have length 1. 
Finally, the symbols are renamed and the list is sorted to make it easier to 
compare different irreducible lists output by the program. 

A. 3 Results 

Thousands of randomly generated SFT renewal systems were examined us- 
ing the methods described in the previous section. The precise number of 
examined lists is unknown because the lists which could not be proved to 
generate SFTs have not been counted and because the randomly generated 
lists were reduced using the program reduce . cpp and only examined if the 
reduced form was not already known. The file sft.txt, which is available 
at the address given above, contains the output generated by irs . cpp for 
a collection of 488 such random irreducible lists generating SFT renewal 
systems. For a list L which generates an n-step SFT with determinant d 
and Bowen-Franks group Z/diZ©- • -©Z/dfcZ, the output has the following 
format: 

Name of renewal system: L; n; d;[di, . . . , d^]. 

The lists are ordered by the sum of the lengths of the generating words. 
All of the randomly generated SFT renewal systems examined in this way 
turned out to have negative determinants and cyclic Bowen-Franks groups, 
so they were all flow equivalent to full shifts. This was the same pattern 
as seen in the preliminary investigation even though it was now possible to 
examine a wider range of renewal systems, so no new information about the 
range of the Bowen-Franks invariant was gained this way. 

The file sofic.txt, which is available at the address given above, con- 
tains the output generated by irs . cpp for a collection of generating lists 
for which it was not possible to prove that the conditions of Proposition 
15.231 were satisfied. For each list, the maximum length of words that have 
been examined is shown. Additionally, a list is given showing a sequence of 
the minimum of the numbers of left-extendable and right-extendable words. 
This gives the user data to decide whether it is feasible to continue the 
investigation. There is for instance no indication that this minimum will 
reach in any of the lists shown in sofic.txt. 

Next, a less random approach was used in an attempt to find SFT re- 
newal systems with more complicated values of the Bowen-Franks invariant. 
The goal was to construct SFT renewal systems with specific forbidden 
words and to find out why it was so hard to obtain positive determinants 
and non-cyclic groups. This lead to the discovery of the renewal systems 
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Generating list 


Step 


BF-group 


Determinant 


{a, aba, bab} 


3 


Z 





{aa, aaa, abb, abbb, baa, baaa, bb, bbb} 


3 


Z 





{aa, ba, bb, aaa, aba, bbb} 


5 


z 





f l,L/ 77LJL71 

{aa, ab, bb, aaa, bab, bbb} 


5 


L 





{ab, bb, aba, bbb, abaa, aabbb} 


8 


Z 





{aa, aaa, baa, bba, abaa, bbab} 


8 


Z 





{ab, baa, bba, abba} 


9 


z 





{a, be, bbcbb, cbcbb} 


9 


z 





{ab, bba, bbaa, babab, bbaaa} 


9 


z 





{aa, ab, aaa, bab, abba, bbab} 


10 


z 





{ab, bb, aaa, aab, bbb, aaaa, baab} 


10 


z 






Table A.l: Renewal systems with Bowen- Franks group Z. 



with non-cyclic Bowen- Pranks groups considered in Section [5. 4. 2i The pro- 
grams described in the previous section were used to examine the renewal 
systems and to establish hypotheses about the invariant. These hypotheses 
were then tested using the programs, before a proof of Proposition 15.531 was 
formulated. 

It was expected that generating lists with complicated behaviour must 
exhibit a lot of entanglement (i.e. that each word must have many different 
partitionings) , and in order to construct such lists randomly, the number 
of letters was decreased to two while the maximal number of words used 
in the generating list was increased. A lengthy investigation of random 
generating lists constructed in this way lead to the three exotic examples 
of SFT renewal systems with positive determinants considered in Section 
15.2.51 The study of these systems lead to the theory of border points, and 
hence, to the results about the structure of the Fischer covers of sums of 
modular renewal systems developed in Section 15.2.31 and used to construct 
the composite renewal systems in Sections 15.31 and 15.41 

The investigation also lead to a number of SFT renewal systems with 
Bowen- Franks group Z (and hence determinant 0). Note that these renewal 
systems are not flow equivalent to the full shift with only one symbol, since 
Theorem 12.81 only gives a classification of shifts that are not in the trivial 
flow-class. All the known renewal systems of this kind are listed in Table 

EH 

In Bxample 15.541 it was shown that there exist SFT renewal systems for 
which the Bowen- Franks group has the form Z/nZ ® Z. This example was 
obtained by adding a free letter to the list 

L = {aa, aaa, abb, abbb, baa, baaa, bb, bbb} 

and fragmenting. Another class of interesting Bowen-Pranks groups is ob- 
tained by considering the renewal systems generated by the disjoint union 
of L with one or more copies of itself. These renewal systems are listed in 
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Generating list 


Step 


BF-^ 


!;roup 


Determinant 


L 


3 


Z 







LUL 


3 


Z/32 


^©Z©Z 





LULUL 


3 


Z/52 


^©Z©Z©z 


I 



Table A. 2: Renewal systems with generating lists constructed as disjoint 
unions of L = {aa, aaa, a66, abbh, baa, baaa, bb, bbb} with itself. 

Table IA.2I It is easy to guess how this sequence of Bowen-Franks groups 
can be continued, but the computations have not been done beyond this 
step. 

Addition and fragmentation of renewal systems of the form considered 
in Section [5. 4. 21 can be used to produce new renewal systems with non-cyclic 
Bowen-Franks groups, and such sums have been investigated experimentally, 
but it has not been possible to use this method to construct more general 
Bowen-Franks groups than the ones obtained in Proposition 15.531 

A. 4 Discussion 

The first conclusion of the experimental investigation is that it is very hard 
to randomly construct an SFT renewal system that is not flow equivalent 
to a full shift. This is surprising, but it gives an indication of why Adler's 
question is hard to answer. 

The computer programs described in Section IA.2I have been very use- 
ful in the investigation of concrete renewal systems, and many of the main 
ideas of Chapter [5] grew out of a desire to understand concrete examples 
that turned up in the experimental investigation. As mentioned in Section 
15.51 a reasonable next step in the search for the range of the Bowen-Franks 
invariant over the set of SFT renewal systems would be to attempt to con- 
struct an SFT renewal system with Bowen-Franks group Z © Z. Here, the 
programs could be useful for testing candidates. 

The programs rely on Proposition 15.231 to check whether a renewal sys- 
tem is an SFT, and since the conditions are sufficient but not necessary, this 
will fail to detect some SFTs. Proposition 15.241 shows that the conditions 
are necessary for a large class of renewal systems, but it is unknown how 
well the algorithm performs outside this class, and it would be interesting 
to examine this in detail. As mentioned in Section [5.51 it would also be in- 
teresting to know the complexities of the algorithms and to compare them 
with algorithms based on the subset construction. 

The class ad j Matrix uses a combination of reductions carried out by 
C-|— |- and linear algebra computations carried out in Maple to investigate 
the large and sparse integer matrices that appear as the adjacency matrices 
of the higher block shifts of renewal systems. It would be more ideal to 
carry out all the computations in C-|--|-, but it has not been possible to find 
a suitable linear algebra package, and it would take a significant amount of 
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time to construct such a package from the bottom. 

Depending on the length of the words in L, the program reduce . cpp 
can take a long time to find the corresponding irreducible list, so for many 
renewal systems, it is faster to simply investigate the original list using the 
program irs . cpp. The reduction is, however, useful if the same renewal 
system is going to be investigated several times, i.e. if it is later going to 
be used as a term in a sum of renewal systems. Generally, it is also easier 
to identify the interesting features of the irreducible generating list than of 
the original list. The generating lists considered in Example 15.381 are, for 
example, irreducible. 

If the programs were remade from the bottom, it would be useful to have 
them compute the left Fischer cover and the border points instead of the 
higher block shift. As mentioned in section 15.2.11 this is possible once the 
partitionings of the allowed words are known. This would make it possible 
to compare the Fischer covers where it is probably easier to gather relevant 
information than in the higher block shifts. In particular, information about 
the border points would be useful for constructing more complicated renewal 
systems from simple building blocks as in the constructions used in Sections 
[5X21 and [5X31 
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